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INTEGRAL CALCULUS. 



SECTION I. 

ELEMENTARY INTEGRALS. 



Art. 1. The Integral Calculus is the reverse of the 
Differential^ and has for its object to determine the value of 
a function the differential coeiBciebt of which is known, in the 
same manner as the object of the latter is to determine the 
differential coefficient when the function itself is given; or, 
more generally, the object of the Integral Calculus is to dis* 
cover the relations which exist between the variables and their 
functions, from given equations between the variables, the 
functions, and the differential coefficients of the functions. 

Hence, our object is to determine y in terms of <r, or the 
relation which exists between them, from the equations 

or /((Cy, dr^-^y,...x, y) = 0; 

or to assign the relation between a?, y, %^ (where «f is a function 
of <r and y), or between a greater number of variables and 
their functions, from the equation 

/(^j y^ %, d;,z, dy%) = 0, 

or from other equations in which a greater number of variables 
and differential coefficients of higher orders are involved. 

2. We shall begin with the solution of the simplest case 

^xV ^ u {b. function of ai)y 

A 



in which it is required to find the value of a function of one 
variable, when the first differential coefficient is given explicitly 
in terms of that variable ; y representing the unknown functioOy 
and u the given differential coefficient. 

The required function y is usually expressed by f^u^ 
(J, being the symbol of an operation precisely the reverse of 
that indicated by d, in the Differential Calculus) and is called 
the integral of u with respect to w. Hence if fg and d, be 
prefixed to the same function, they neutralize one another, 
that is, 

jt {d,u) = u. 

The operation by means of which the integral of a given clif« 
ferential coefficient is determined, is called IntegroHtm; to 
integrate a differential coefficient, is to find its integral, that 
is, the function from which it is derived. Hence f^u means 
a function of j?, whose first differential coefficient is Uy or such 
that the limit of the ratio which its increment bears to the 
corresponding increment of jr, (when the latter is indefinitely 
diminished) is u. All functions of w which are proposed for 
integration, are looked upon as the first differential coefficients 
of certain unknown functions, which we are required to find. 

Again, as the same function admits of successive differen- 
tiations, so a function may be integrated any number of times ; 
and as d/u means d, (dgU)^ so ffu means f, (J^u), and is called 
the second integral of u with respect to cr ; and fj'u is called 
the n^ integral of u with respect to x. 

3. The above definitions and notation being understood, 
we proceed to deduce the rules for integration. Every rule 
given in the Differential Calculus for finding the differential 
coefficient of a function of one variable, being inverted, will 
furnish a corresponding rule for integration. 

Thus the Integral Calculus, at least in the simpler parts 
of the subject, requires no new investigation of principles, but 
depends for them entirely upon the Differential Calculus ; and to 



a person who is familiar with the latter, it offers few difficulties 
beyond those arising from complicated algebraical operations. 
£xpertness in performing these, and in foreseeing to what result 
any substitution will lead, is very necessary in this subject; 
since, with all the rules that can be given^ the integration of 
many formulae may be facilitated, and sometimes can only be 
effected by particular transformations and artifices, which the 
student must himself discover. 

4. The problem of integrating a given differential cor 
efficient, may be resolved into these two grand divisions. 

I. To find the values of the elementary iutegrahj that is^ 
such as are not capable of being transformed into simpler ex- 
preiKions ; as for instance 

^^' f\' I:rr3^ /,\/i-c»(«n^)S &c. 

J»iS ^*a •{■ Or 

II. To reduce a proposed integral to one or more of the 
elementary integrals. 

This reduction, according to circumstances, is effected by 
some one of the following methods. 

(1) By mbstitution^ that is, by the introduction of a new 
variable. 

(2) By altering its form by some common algebraical 
process, but without substitution. 

(d) By the method of rational fra^ctionsy that is, by re- 
solvii^ rational expressions into the sums of several others of 
simpler forms. 

(4) By rationalixation, that is, by substituting in ir- 
rational expressions, so as to make them rational. 

(5) By the application of formulcB 6f reduction whence 
a proposed integral is reduced to one more simple, and this 



again to one yet more simple, and so on, till at last it is made 
to depend upon an elementary integral. 

(6) By integration by parts,, that is, by the employment 
of a certain general formula applicable to all cases; of this 
method, one or two of the above ar^ only modifications^ 

5. The integrals of algebraic functions, as for as ^they 
can be obtained, are expressed either by algebraic expressions, 
or by Naperian logarithms, denoted log^, or by angles deter- 
mined by their circular measure, viz. arc ^radius, or by El- 
liptic functions ; for the numerical values of the three latter, 
when the values of the undetermined quantities which enter 
into them are assigned, recourse must be had to the proper 
Tables. It is indeed the existence of those Tables which has 
led to this mode of representing the values of integrals. The 
integrals of circular, logarithmic, and exponential functions 
will usually involve similar functions. 

When a proposed integral cannot be obtained in a finite 
formula composed of any of the abovementioned qutotities, it 
is expressed by an infinite series, (which is generally possible), 
so as to converge under the given circumstances. 

6. Since any constant quantity connected with the vari- 
able part of an expression by the sign + or — , disappears in 
differentiating, it must be restored in integrating; and since 
all expressions which differ from one another only by theiir 
constant parts, have the same differential coefiicient, we must 
in order to give an integral its most general form, (i. e. so 
as to comprehend all functions from which the proposed difr 
ferential coefiicient can have been derived), add to it an in- 
determinate constant which we shall denote by C Although 
in finding integrals we shall usually omit the constant for the 
sake of conciseness, yet in all practical applications of .the 
Integral Calculus, it must be invariably annexed, and its value 
then determined by the conditions of the problem. 

If the value of the integral be known, corresponding to 
a particular value of /», then the constant may be determified; 
thus let 



and let A be the value of the integral corresponding to ^ = a, 

or C = J -/(a) ; 

•'• ji^ =/(^) -/(a) + ^- 

Jf A — 0, that is, if the integral vanish when w ^ a^ the 
equation becomes 

^w=/(^)-/(a); 
in this case (a) is called the origin of the integral. 

In those formulae which retain the sign of integration J^j 
the constant is unnecessary, being reserved under that sign. 

7. Since dg(au) = adtgU^ .*. the integral of ad^Uy or 

fs(adgU) = au'y 

that is, if a constant quantity multiply a difiPerential coefScieiit 
as a factor, it will also multiply its integral. Also since 

/, (ad,w) = aw = af,(d,u), 

a constant factor which multiplies a differential coefficient, may 
be written without the sign of integration; and any constant 
factor may be introduced under the sign, provided we place 
its reciprocal without the sign. Hence 

— 1 , being the factor brought out. 

8. Let y^j y^^ ^3, be functions of Xy and t^i, t^g, t^, their 
differential coefficients, so that d^y^ = u^^ and .*. ^1 - fxUi, &c. ; 

.'. d, (y^ + ^2 - ys) = Wi -h t^2 - «% ; 



that is, the integral of the sum or difference of several diffefen- 
tial coefficients, is equal to the sum or difference of the integrals 
of these differential coefficients. 

9. Since d,{UV)^Ud,r-^rd,U, . . UV^f,Ud,V^^J,Vd,Uy 

or^f7d,F= UV-J,Vd^U. 

This result shews that when a function can be resolved 
into two factors, the integral of one of which d^V can be 
obtained, its integration depends upon the integration of the 
product of the integral V already found, and the differential 
coefficient d'^U of the unintegrated factor. The above is the 
fundamental formula for integration by partSy and is the one 
alluded to in the last of the methods of integration enumerated 
in Art 4. If F= Xy and .'. d«F= 1, the formula beomiea 

/,f7= Ux^J^d,U. 




F* ' *• F "^X F '^I'V^' 



or 



rd^U U rU ^ ^ 



11. Since d,x^ = m*"~* for all values of m, 

.-. Jtm*^-* = *- + C, or m/^T^-' = jp« -i- C; 

m 

(putting the constant C^ instead of — j that is, the int^idL 

of any power of x is found by adding 1 to the indexy a9id. 
dividing by the inerea&ed index. 

If it be given that Jt**~* vanishes when x « a, then 



which determines C^; and subtracting this equation from the 
former to eliminate C^, the corrected integral is 



sf^ 


— 


or 




m 


' • 


m 




2+1 



Hence /*--= 7- -7^:1 » ^^" = — — » f—p= = ^\/w. 

12. Generally, if i^ be a function of a?, and m any number 
whatever, 

since d,aw'*«maz^**"'d^t^, 



avT 



.'. Lmau^'^d^u^ au''^ or Lu*''^adgU = ; 



now let ad^ttasv, .•. f^u^'^v 



au"^ u'^v 



m md^u 



1-1. 



Hence if an expression be of the form u^ v^ (the quantity 
which multiplies u^ " ^ that is, which is without the vinculum, 
bearing a constant ratio to dgU the differential coefficient of 
the quantity under the vinculum) its integral is found by this 
Rule, In the proposed expression add l to the index, divide 
by the increased index, and by the differential coefficient of 
the quantity under the vinculum, 

. Ex. 1. /,(a" + a?*)»-'a?"^-^ 

The differential coefficient of the quantity under the vinculum, 
is maf'^y which bears a constant ratio to ^"S the quantity 
without the vinculum, 

•"^ ' n.mjf" mn 
^ Ex. 2. f:,ia-\-ba!^yaf'''^^- 



(? ^ ■)' 



bx^'' 



^ (an- bx")^^'. 



nb (p + q) 
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i (a* - x*'S*3ar' g . 






o(a?-6)-»+» 



*^ Ex 4 / =5 - ^ = — 

^(<r-6)" -n+l w-r(.i?-6)— * 



d^u 



V Ex. 5. j^w~id,tt = 2\/w, or I -A=ss2y/u; 

that is, t/ an eofpression be of the form of the differential 
coefficient of a function of x, divided hy the square root of 
that function, its integral is equal to twice the square root 
of that function. Hence 

/a — 07 rd, (2ao7 — cP^) J 

= = i / — = = V 2ao7 — 07*. 

,V2ao?-o?* ^my/9,ax-uf 

i(a + 61og,07)-+' 

f — (O + 6 loge*)" = — 
-0? 



(n^l)^ 



(a-h61og,or)»-«'' 
(n + 1) 6 

(sin 0?)*** 



Ex. 7. j!^ (sin 0?)* cosx^zj^ (sino?)" . d, (sin o?) = 



n + 1 



« 13. Expressions which do not appear under the proper 
form for the immediate application of the rule in the preceding 
article, may sometimes be reduced to it. 



9 
1 



is not of the proper fonii, but may bo altered so as 



to become so, for it 

^ (aJ^w"^ ± 1)J ^ ^ 

which is of the prpper form ; 



Similarly, J^ — ^ 



.» 






^ Ex. 2. r ' ^ r ^ 



or 









Ex. 3. /, {(tana?)~-i + (tan j?)«+^} = 

^ {l + (tana?)*} (tana?)""^ = ^(tan/r)"7^ ef^tanor =: - (tana?)". 

Yi 

^ Ex. 4. r . r — y. 

= jtc-' (1 + c-')-i = - /,d,e-'(l + c-')-i =.-2^/1+6-'. 

IT 14. Since d, log^ a? = - , 

•a? 

.-. T- = iog^a?-f c 
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.*•"'+' 



If in the equation j^.v"= , (Art. 11.) we make »i= — 1, 

/I 
- = X ; hence the rule for finding Laf* is said to 

fail when m = — 1 ; the reason of this discrepancy is, that the 

equation / - - log^ a:, supposes the function of w denoted by 

r 1 . . . r ^""^^ 

/ — to vanish when a? = 1, whilst the equation L^ ^ 

supposes f^x"^ to vanish when a? = ; if however we introduce 
the same supposition into the latter equation as is made in 
the former, we shall find accordant results; for in that case, 
by introducing the constant, we have. 



/x^ = 



w-t- 1 ' 



and if m=:-l, the second member assumes the form -; to 

obtain the true value, let wi = - 1 -i- A, h being very small, so 
that for a^ we may use its expansion in powers of A; 

.-. = -^=: -(i+Alog,a?+ \ ^l — + &C. -1) 

= loge .r + - (log* ^Y + &c- 

2 

Now let A = 0, or m =— 1, .*. /^- = logg«r. 

OP 

15. Generally, since </,(log^z^) = 



•. / -^ = logg ?^ + C, and / 






u 




ffndgU 


rd,U 

m / 



- 1 , making C ^-m log, c. 
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Hence the integral of any fraction whose numerator is 
the differential coefficient of the denominator^ or hears a con- 
stant ratio to it^ is the Naperian logarithm of the denominator ^ 
or bears that same ratio to it, 

• Ex. 1. /•-J^=6/-^f^^ = 6log.(^±«.). 

Jx X ^ a ^x w ^ a 

r ^ r a a r h a rd,(a-\-ha}) 

\I Ex. 2. / — = -- / = -- / --^—T~ 

J,a -{■ btV h J^a •¥ ox b J^ a + bx 



, _ r 0?""^ 1 r nx^ 

y/ Ex. 3. / — = - / — — 






1 i 

= - loge (a" + or) = loge (a" + .r")». 
n 



Ex. 4. f— — — - = r~^7 — - — 

Jg X {a + bx) J^ x^ (ax ^ + 



.-2 



= -- f — rr— i: = -"'log6(«^"^ + 6) = -loge {-; — — ). 

aJxOX^ -{■ b a ^ a \a-{-bxJ 

16. Hence we are enabled to integrate all rational integral 
algebraic functions of x; for the most general form of such 
functions is ax^ + feo?* + c.r" -+-...4- «; the integral of which is 

+ + ... + ex + C. 



m 4- 1 n + I 



•■■f 



It is not necessary that m, n, r, &c. should be positive 

integers ; they may be negative or fractional, and the integral 

will be the same, except in the case in which any of the terms 

g . 

are of the form - , the integral of which is g log^ x» 

X 



^ ^ k 



I 
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We shall proceed to ahow how several expressions, by a 
simple transformation, may be reduced to the above form ; but 
must previously establish a formula for changing the hypothesis 
of integration, corresponding to the one in the Differential 
Calculus for changing the independant variable. 

17. To prove that f, J/(«)d,jKj = J^/(«)) where z denotes 
a function of a', and/(£) a function at z. 

Let y-J,\f{x)d.z\, .-. d.y=f{z)d.x, 
.: ^^ =/(^), or d.y =f(z), .: y = /./(«). 

Hence, ei^uating these two values of y, 
i{f(')<l.'\ -/./(':)■ 

This is a formula of great use ; for in finding j^u, one 
method of most extensive application is that of substitution, 
that is, assuming x = (p(x) or some relation between x. and x 
90 as to obtain a value of u in the form f(x) d,^, where f(x) is 
a rational function of y, or an expression more easy to integrate 
than u, then 

/.»-/,{/«■',-!-/./«■ 

Of this method we shall see many examples in the following 
articles. 



18. The formula of the preceding article may also be 
put under ihc form 

J^u=f.ud,T, 
V H being a function of x, and x a function of z ; 

\ i^ , d,« 

M for let y - t« ; .-. rf,y - w ; .■.— = !(; 

d,i/ = ud..ri .: y=_/;«d,J'; .'. (,n^^ud,x. 
Hence in catvs where it is more convenient to obtain ud^x in 
the form /(--), than to obtain h in the form f(z)d^ss. we may 
prepare thi- iuti^ral f,tt for substitution, by writing it i,ud,x. 



'■h 
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It appears then that when we have an expression to be 
integrated with respect to oc^ by multiplying it by dgX^ we 
may transform the integral into one with respect to z. 

19- AH integrals falling under the form 

p 
f,ia^ba^yar'\ 

can be reduced to the sum of a series of terms of the form cf^x"^^ 

if — = a positive integer, or — h - = a negative integer. 



Si - a _ (z -a) 

Assume a + baf ^ z\ .'. ti?" = — - — , and .x?'" = — 



n 



m ' 



^-1 



.•. a?*"^ = — - (» - o)" dj,z'y 
nb" 

p_ 

.-. cr*-'(a + 6^)* = — -{z - ay d^z\ .\ f,w""^(a + bw")^ 

nb"" 

1 2- --1 1 ^ 2.-1 

^—^j^z'i {z - ay d^z = — ^ f^z^iz - ay , by Art. (17). 

m ... ~-i 

Now if — = a positive integer, («f-a)» may be expanded 

in B. limited number of terms by the Binomial Theorem ; and 

£ 

each term being multiplied by 5f?, may be integrated by the 
rule of Art. (ll). 

^ ' t « + 5£_i 

Again, (a + 5^")^a?'''^ = (a^-» + 6)9 a? ? ; and this 
latter expression, by what has just been said, is integrable. 

Tip 

if m + — •^(~w) = a positive integer, and therefore 

m p ^- • ^ 

— . + - = a negative integer. 

n q 






V 
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20. Hence an expression of the form (a + bai^)^jD^''^ being 
proposed for integration, first ascertain if the index of x with- 
out the vinculum^ increased by l^ be a multiple of the index 
of X under the vinculum^ in which case, assume a + bx^ = z. 

P 
If not^ add - , and if the result be a negative integer, assume 

ax""* + 6 = iif, taking care to put the expression under the form 

(ax'"* + b)ix 9 
The assumption ax~**+ b = z^, gives 

/,(o +.6^)? a-"-' =--^ /,»'+«-• (^^] -(^*l + '). 



m p 
Hence, if — h — = a positive integer, the expression is tran&r 

formed into a rational fraction, and therefore may be integrated 4 
as will be shewn; but this is not an advantageous practical I 
method. 

Ex. 1. j^A^va + ci?5 

2 + 1 
here = 3 a positive integer ; 

let a '\- X = z; .*. x = z — a, and a?^ = (« — ay ; 

.'. a^ tsz {z — aydiZ\ 

. 1 5 B 1 

.•. x^\/ a^- x = t^{z '■' (ifdgZ^{z^''9.a^ •\- €?s^)dj,z\ 

, 5 8 197450 s 

•\ }^a?y/a-\-x ^ l^{z "^az -V(tz)--z —az -\- -a^ z 

s= — z^(5z" - Uaz + — a^) 
35 ^ 3 ^ 



.2> 



— (a + 0?) Sx" - iiax + ~ . 
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• Ex. 2. / , = - — ^—— (iia^^'^b' - 8afe^"'+ iGa^). 

In this example, (£!L^il±i = s. 

n 

which can be expanded and integrated when m is a positive 
integer. 

Other expressions of frequent occurrence, which may be 



rn^ r — 1 jj,m 



integrated by this rule, are — . — , r— . 

r\/T~^ - -5 + 1 v4 . .. 
Ex. 4. / , here = — is not a posi- 

tive integer; add ^ and it b^mes ~ 1, this example then falls 
under the 2nd Case. Write If therefore, ^ (a?"^ - 1)4 a?"*, 

which (Art. 12.) = Vt —^ = - ^^ T^ • 



Ex. 5. f — -— = /, ^-^"+»> (a^-^ + 6) 

' 1 r {% - «)"•+""* 



> 



^. 






inaking oa?"^+6 = ^, which can.be expanded and integrated^ 
when m + n — 2 is a positiveilnnjjilf^f.. 

Ex. 6. r - = ^a»-*^(a' + ,r^-^ 

2-4-1 5 

Here = - 2 a negative integer, 

3 o 
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_ .1 

write the expression therefore a;~"(a'.f~' +1) ', which can I* 
readily integrated without substitution ; for it 



J-* 



(o'«-» + l-l)(a»«-» + l)-5 



i X-* (a»«-» + l)-i - i X-* (o»x-» + 1)-^ 



the integral of which, by Art. 12., is 






(«* + *^1 



Other expressions falling under this rule are 

f L /• ' 

21. Integration of the elementary logarithmic forms. 
These are certain expressions which do not i^pear under 
the fundamental form — ^— « but may be made to assume it. 



^' \/ 9r ^a^ 



Tjl^X «* Ai a* « «* ; .\ i#rf,ii « rc/j^, or 



d,u « ' 



rfeft -* rf,W U ^- .5 d,9i dgS-rdgU 

« ; howv I Art, 15.) 






... 



I 



It 



Suppose we have given %at the value of the integral 

r ^*^ 

/ ~7====> corresponding to t^=a, is 0, 

.-. O = logg(a)+C or C==— log^fflf. 
^» V tt^ — a* 



o— ^ ^^IF}- 



— 7 



Let w= - , .*. log^ w = log^ a - log^ «, .•. — d,t* = — d^^ 
X u % 

XdgU ^ r "dgX 1 /• dgZ , 

= logg (z + y/z^ sfc 1), by the preceding case, 

a 

- - log, ( " I + C 



III. ^ 



d«t^ 






e. 2o 2a 11 
Since -5 . = — -. = + 



a* — w- (a-^-u) (a —u) a -i-u a ^u* 
dju 1 / d^w — dmV^ 



c 



/ d„u - dt,u\ 



Tt 
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••• / -t^t = r- {log. (« + «)- log. (o - «)} 



IV. 





1 
2a 


-(^) 


+ C. 




* 






Here 


2fl 


I 1 


1 


a* t* — a 


tt + a 


djfU 


1 


X locr_ Tf/ — /iN 


— loor. i\ 



1 , (u — a\ ^ 
2a \t^ + a/ 



This integral may also be derived from the preceding one, 

by changing the constant into log^ (— 1) — C 

s! a 

22. Integration of elementary circular forms. 

By reversing the rules for finding the diflferential coeflBcients 
of the inverse circular functions, we obtain the following 
results : 

u 

. _, «^ a dj,u 

f I. Smce d* sm ^ — =- 



**■ 



(* / /^V V^a^ - «** ' 



.-. / y ; = sm ^- + C. 

•'^ V a — t^ a 

Also, smce sm * — = cos * — , we have 

a ^ a 

/ .. = cos-* — + C, 
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TT 

(including - in the constant, and changing the signs,) at 

which we might arrive immediately by observing that 

u — dgU 
a, cos"* — = 



o y/a^ - u^ 



u a d^u 

II. Since d, sec"^ — = , = a 



a u / (uy u y/u^ - a^ ' 



• • I A ~- sec ~~" "T" \y • 



2^ ff dgU 

III. Since d, tan"* - = .. = a 






dgU 



.'. / -i 1 = - tan-^ - + C. 

J^ vr -v or a a 



d.- 

U Cb dmU 

IV. Smce d^ versin""* - = 



a \a) 



.'. / —7== = versin * — + C 

These four formulae, which are called circular forms, 
together with the four logarithmic forms investigated in the 
preceding article, must be carefully recollected. Joined with 
the expressions 



L u'"dgU = , and / = m lofr w, 

m + 1 J, u 
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they constitute fundamental formulae, to one or more of which 
it is the object of almost every process in the Integral Cal- 
culus to reduce the integrals of proposed algebraical expressions* 

23. The following integrals are also of very frequent 
occurrence; they furnish examples of integration by parts. 
Art. 99 being by that means reduced to the preceding forms. 

I. jt vw* 4- a* d,u. 

In the formula f^Ud^V^UV-f^Vd^Uy 

make (7= V w*-ha% .-. dgU-— y , and V ^u^ 

\/u^ 4- a* 

/—. / r udgU 



\/ij? + o* 



(w* + a* - o^) 



^uy/u^-\-a^- / y ^ dgU 



•^^ VW^ 4- a' 






by first logarithmic form, Art. 21, or 

U . fj? / 

ji V w* + cfdgU = - V M* + a* + — log^ (u + V w* + a*). 
Similarly, 

y— ; U / ©' i 

jg y/u^ - a* d,t^ «= - V «" - a" log, (w + v «* - a*), 

lis z 

writing - o*, instead of a'. 
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II. fg vo* - u* dgU. 

Integrating by parts> 






— ud^u 



C? — if — €? 



•^* \/ or — vr 



d^u 



•'* V o^ — t^2 



.-. Ji \/a^ - tt^ d,w = - vo^ - 1^* + — sin"* - , 
by first circular form, Art. 22, 

III. ^ \A? + 2aw d,w 



= Ji\/(w -h a)'* - a* rf,(z^ + a) 



tt + a /-s — I o* 



V^t^* + 2a«* loge (t^ + a + \/M* + 2az*), 



2 2 

by formula I, a being either positive or negative. 

IV. j^y/^au "U^dgU 

= ji \/a* — (« - a^d, («* - a) 
tt — a y ;; a^ . , u -- a 



V2aw - t** + — sin"* , by formula II. 



2 2 a 



24. Although we have given separate investigations of 
the circular and logarithmic forms, it is easy to deduce one 
from the other. Take for instance the form 

r . =T~ =s logg (a? + V ** ~ ^0 + ^5 (Art. 21. making u^x)^ 
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and in order that the integral may vanish when w ^ a^ make 
C = - loge a. 



— 1, suppose; therefore - + \/ { - J — 1 = e'^^ I 



.-. - = i(««>^ + e-'>^) = eos», 



•. ST = COS ^ - , or / , = cos * - . 



a 



26. We shall now proceed to shew the use of the circular 
and logarithmic forms in integrating a variety of expressions, 
which are either of the proper form for the immediate applica- 
tion of them, or can be reduced to that form. 

If in Articles 21, 22, and 23, we suppose the function of 
w denoted by w, to be = a?, and therefore dgU = 1, we obtain 
the following results: 






'* V^^ia* 



r 1 1 , (a + £ff\ 



r 
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* 

— J = sin " ' - . 



/ 



^:*? y/a^ — a? « 



= - sec * - 
a 



/ 



r 1 1 ,a? 

"~i — :i== -tan-'-. 



i 



» -vXsao? - c^ 



= versm"* - . 
a 



•^* ^ Z a (^ 

X/^^Tia^ = y/af^ + ^aw- — log^ (a? + a + y/a?^2aaf). 

•* % <c 

/r y IT ^^^ yC li ®^ • -i^~« 

/ "sy^ax -aP- V2azi? -tir4- — sm ' . 

It may be useful to observe that each of the above results 
IS homogeneous in x and a, and of a dimension greater by 
unity than the differential coefficient (also homogeneous in 
* and a) of which it is the integral. 

26. In the following examples, the quantity to be inte- 
gnited requires a previous reduction to the proper form. 

1 f ^ r_dj^0j^^a)_ 

» log. (^ + a + \/ a? H-2aa?), by first logarithmic form. 
C \ 1 /• 2c 
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1 /• d,(2cj? + 6) 

\/c ^^ \/(2ca? + hf + 4ac - ft* 

d,(6a7) 



^•a + ftiP" /.aft+ft^a?" J» ab + 



,^.^ ..• ^.^. . fc«a^ 



— r=tan *a? ^ -- 
\/ ah a 



i, / ————— « 2 / 

y' cf, (SciT + ft) 2 _j 2ca? + 6 

X (^4r* + ft)* + 4ac - ft* " v^4ac - ft* \/4ac- 6^' 

if 4iir>fc\ by third circular form. Art. 22. 
N Sinco tan *« - sec"" \/i +i8» « cot"* - «= cosec"* VJ_+ 

» * - 1 / 1 \ 

*— — =-T«versin (1 y I ; 

V 1 + »* V VI + «*y 






• »in ^ « ci>» 



mmkii^j; \/ irtr - ft* - A\ the expn^ssion £tan~* — - — may be 

«imiUH\ « MiWiiiuliiiir / &vr « in anv cither of die above 

tKw«\uU\ >iiv' nvAV \^t4iiu di1K^r>£t)l cxix^>$^^ii$ for the in- 
Wl|^K *»^t it i« ^^VKH);!^ iKai evtrr iatie^nnd expressed bj 
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If 4fac<Vy the value obtained above for the integral 
becomes imaginary; in that ease^ by the fourth logarithmic 
fbrni» Art. 21, we have 

f ^ _^ r __dA^cw + b)__ 

1 _ 2cx + 6 — y/b^ - 4ac 



-x/ft* - 4ac * 2CtT H- 6 + y/h^— 4fac 



6. /_=i== = -l.r_= 

*^» y/ a-^hw — ca^ y/ c Jsy/ ^c{a 



2c 



1 ^ d,(2ca?-6) 1 . , 2C.17-6 
—7= / . - = — j=8m"^ =;, 

V c ./^ V 4ac + 5* - (2ca?-6)^ VC \/4ac + 6^ 



by first circular form, Art. 22. 



f ^ f 



d^y/a^ ~a* 



, x/(a^ - a*) (6^ - ^) -^^ ^6^ - a^ - {x" - a^) 



= sm ^ V 7i -2 



6^-a^ 



27. In some cases it is more ponvenient to reduce f^^u 
to the proper form, by substitution. 

./"TSx. 1. / > ; let 60?" = ar^, .-. log^ 5+nlogc cr=2 log^ sr, 



.-. by differentiation — = 









86 



.-. ^tt = / , 



\/h^ 



_>e . X ^ 1 / y/ oar \ 



f. / .. :; let ad?"* = «r, .*. - = ; 



^ 2 r d,x 

,\ J^u = / 

n J*zy/x^ - 



« 2 

sec * — 7= = ;= sec ' 



ny/b ^/b ny/b 




t » 






"»- 



\ 



r 1 , 1 1 d,ar 

-k / . ; let X = -, .-. -= ; 

**«rvo + 6*r + car « jr « 

^ ^ ^ _ r rf#« ^ _ r i 



» i»* 



7*log,{t«»+ft+\/'lii(a«*+6»+c)}> (Ex.2. Art. 26.) 
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.-. AW = 2 / = 2 / -J- '-^ ^r-^ 

J^bc --ea + esr Jxeyhc - ae) + {ezj 



= , ^ tan-' "^ = , ^ tan-' ^/ ^(^^ ; 

y/e{bc—ae) y/e{bc'-ae) y/e(bc-ae) bc-^ae 

it be < ae, the expression falls under the fourth logarithmic 
form, Art. 21. 

XI e dgX 
. ; letc + ca? = », .-. = — , // 

b 
and a + 6^ = a + --s (« — c)^ ; 

... r^ = r ^^^ ^ r ^ 

J:,zy/a€^+ b(x - c)* J^zy/ ae^ + bi^-^bcx-itbsf? 
which was integrated Ex. 4. 

7. /• ^^ /- . 



1 rdgy/ax~^ + 6 



■*+ e 



let \/ax~^ 4- 6 = «) .'. acw~^ + ac = c«* + ae — c6, 



tan-*— 



\/c (ac - cb) y/c (ae — cb) 

= - , ' tan-' a/I5^M. 
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If cb > acy the integral falls under a logarithmic form ; and 
if ch = ae, 



r r ^ ^ — 



II 



ha» 



^ 1 rd^y/a + ha^ 



r f 1 r a,Va + o 

^* (c + ea^) \/a + ba^ b J* c + ea^ 

= /I — — 71 ^ > making \/aT^ = 



i^, 



which is a known logarithmic or circular form, according as 
6c < or > ac. 



rl-ar 1 ra?-* - 1 1 

let 0? + a?'^ *^"S 

therefore, taking the di£Perential coefficient of the logarithm of 
each side, 

/c'^ - 1 dgX 

.*. Lu = / . = / ^^ , 

a known form. 



•*• logc («'? + VlT^) = n log ;j?, .-. y = — ^ , 



/[ 
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28. We shall now give instances of a few common artifices 
by which expressions are reduced to known forms. 

I. By splitting an expression into two others of which it 
is the sum or difference. 

/a + &<r rl ^ hx \ 

^a^ + af^ ^ Jg\a^ -{- a^ or '\- a^j 

ga -^ or J*a -^ X a 2 

Jr I — X cos a r (sina)^ — cos a (a? — cosa) 

* 1 - 2a? cos a-^- a^ J* (sin a)* + (a? - cos a)* 

{since (cos a)* + (sin a)* = 1 } 

Jr (sin ay r x — cos a 

» (sin a)' + (a? - cos a)^ •/» (sin a)* + («r - cos of 

_, a? — cos a , 

= sm a . tan ; 4 cos a . log^ (l — 2a? cos a + a?^). 

sm a 

II. By adding and subtracting the same quantity. 



1. igX\/a +a? = ^(a? + a-a) y/ a + 



a? 



= ^ (^ + a) - a jC V a + a? = - (a? + a)* (x\ of . 

r ^ r a — X — a r a — x 

•'*\/2aa? -a?* J*y/2ax - a?^ •/»\/2aa? - a?^ 

/I y ^ . 

> = = - V 2oa? — a?^ + a versin"^ - . 

»-A/2aa? — a?* a 



r a? /• a?4.6-6 

•/r a + 26a? + ar* /,« +26a? + a?^ 

'' J,a + 2bx + x^' Jsa-^t^ + (x + by 
= i *^6 (a + 26.1? + a?*) 7= tan"* 



\/a-6* x/« - 6^ 



/ 
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a -\- bw r fit + 6a + 6 (j' - a) 



,a^ - 2aJ? + o* + )^ "" X (a? - a)' + 



^ 



a+6a a? -a 6 , ^. 

tan-» — + - log. {{w - ay +^} 



P. 



/3 



i- 5. Ji a?«"- ' (a" + afy = J^a^"' (o" + «» - o') (a' + a»»)« 

p p 

9 (o" + af")* ^ go" (o" + afy * 



»(p + 2«?) 



» (P + 9) 



. 6 



.r» 



• X(^T^ = i5^«^-^^^>'(«^-^«'>- 



III. By multiplying numerator and denominator by the 
same quantity. 

Jr 1 / ~ r S^ ^ €? r W 

— c? f y — = y/gj^ — a^ — a sec"^ - . 



Js ^ a—a; J^y/ €? — c^ •'*\/a*— a;* 

/• 1 /"v*^ + a - V J? 

a ^ oa 
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■• / 



^y c? ^ w^ 



a? 



P or ^ tV* 






— = - y/a^x-^ + 1 + loge (a? + V o^ + o?^) ; 



.i 



and r^/^ = - v/^^^53T _ si', i 



-*- -^ l^ge (^ + 'v/^* + •^) -^\/«^«2?"* -^ 1 - ^ sin"* - , by Ex. 4 



^^ 6. L(Xi\/ = — sm^ [a Jr -] v a - ^ • 



7. r ~ \/ = loge (jv + \/^ - a*) 

•/ « 0? 00 ^ a 



+ sec * - . 
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SECTION II. 



RATIONAL FRACTIONS. 



Art. 29. In pursuing our object of finding j^u^ we next 
come to the case in which t^ is a rational but fractional function 
of w ; its most general form will be 

the dimension of the numerator being at least less by 1, than 
that of the denominator; for if not, the expression may be 
reduced to the sum of an integral function, and a fraction of 
the above form, by division. Its integration is eflTected by 
decomposing it into fractions with simpler denominators, which 
are called partial fractions, 

30. Every rational fraction may be resolved into partial 
fractions, each of which is of one of the forms, 

N M Kcc^L Rx^S 



a» - a ' (a? - by ' (a; - a) V /3* ' {(^ - a^ + /3'^ } " ' 

Suppose the equation a?" + -4' a?""* + ... T' = to have one 
real root equal to a, (r) real roots each equal to 6, one pair of 
imaginary roots equal to a ± /3 v - 1 , and (m) pairs of imaginary 

roots each equal to a' ± /3'\/- 1, which comprizes every case 
that can occur in the composition of the denominator ; 

and w=l4rH-2 + 2wi, since the dimension of each member 
^ must be the same, and F is of w dimensions. 



\ 
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Then — may be resolved into the sum of the following 
fractions (all the quantities JV, jWi, -8/2, &c. being constants), 

JV M, M, Mr K.V + L 

+ 7 m + -7 7T7-r + ... + r + 



"^(a?^-2aa? + a'^ + i8'-)" "^ (.r^ - 2a'a? + a'^ + /3'T'' 



or - 2a .1? H-a^ + p- 

For suppose these fractions were reduced to a common 
denominator and added together. The common denominator 
would be of (n) dimensions and equal to F; and the sum of 
the numerators would be of (w— 1) dimensions, for the numerators 
of highest dimension would manifestly be those of the frac- 
tions whose denominators were originally of lowest dimension, 
and would be of n — 1 dimensions, since these denominators 
are but of one. Now U is of not more than n — l dimensions, 
and may therefore be assumed equal to the sum of the nume- 
rators; and since this equality subsists for all values of a?, 
the coefficients of like powers in both members must be 
equal, and if any term in one member has no corresponding 
term in the other, its coefficient must be put = ; this 
will give n equations; but the number of unknown quan- 
tities i8 = l+r + 2+2«i = w; hence the unknown quanti- 
ties are the same in number as the equations, and enter 
these equations only in the first degree, consequently their 
values will be real, and may always be assigned. If the deno- 
minator, instead of one, contain several factors of each of the 
above classes, then for each such factor a partial fraction, or a 
series of partial fractions must be introduced, similar to that 
belonging to the corresponding factor in the above example, 
and it may be shewn in the same manner that all the unknown 
constants can be determined. Hence it is demonstrated that, 
whatever be the proposed fraction, the resolution into partial 
fractions of the forms indicated above can be effected. 

E 
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31. Hence it appears that, in the resolution of a fraction 
into partial fractions, for every simple factor that occurs only 
once in the denominator, there will be one partial fraction 
having that factor for its denominator, and a constant numerator ; 
for every simple factor occurring (r) times, there will be (r) 
fractions having the powers of that factor from 1 to r for 
denominators, and constant numerators ; for every irreducible 
quadratic factor that occurs only once, there will be jEufraction 
having that factor for denominator, and a numerator of the 
form Aw + B ; and for every irreducible quadratic factor that 
occurs (m) times, there will be (n») fractions having the powers 
of that factor from 1 to m for denominators, and numerators of 
the form Bar + S. The integration therefore of every rational 
fraction is reduced to that of the four forms 

N M Kw^L Rx^S 



the three first of these have been already integrated. Arts. 12, 
15, 28 ; and by making a? - a' = ^, the integral of the fourth 
becomes 

r R{z + a!)-^S R r 2z f __!__ 

R 1 C ^ 

this last integral we shall shew how to obtain in Section iv. 

32. The determination of the constants N, M, &c. by the 
method just explained, is in general very laborious; and we 
shall now shew how it may be simplified for each of the four 
classes of factors which can compose the denominator of any 
fraction. 

We shall shew that the fraction corresponding to any factor 
J? - a or (a? - a)^ + /3S or the series of fractions corresponding 
to (a? - by or { (a? - ay + /y'}*", can be separately determined ; 
preparatory to which we may observe that if in equation (l) 
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Art SO, all the fractions except the first were added together, 

U N P 

we should have — = ^ 7\^ ^ representing an integral 

function, and Q the quotient of V divided by j? - a. Similarly 
we should have 

UKw^L P 

P 

■— representing the sum of all the other partial fractions; 

*2 U ^ 

and , it is manifest that we may assume •- equal to the sum of 

any group of partial fractions which we wish to determine, and 

P 

a fraction — ; P representing an unknown integral function, 

and Q the product of all the factors of V not involved in the 
partial fractions under consideration. 

33. To determine the partial fractions corresponding to 
the simple fcuitors^ each of which occurs only once in the 
denominator. 

Let these be <r - ai, a? - ag, ... a? - a^, therefore the 
denominator F= (a? - a^ (a? - ag) ... (a? - a«) . Q, Q being an 
integral function of x which does not vanish when w equals any 
one of the quantities di, %, ... a„. 

U A, J2 Jn P , ^ 

Assume -~ = + ... + + --, (l), 

V w —ai w -^ a^ Off — ttn Q 

^19 ^8 ..• ^« being constants, and P an integral function of w ; 

.*. — = -^1 (^ - flg) ••• («a? - «n) + Ai(x - a,) ... (a? - o„) + &c. 
V 

P 
+ -rf» (a? - tti) ... (4? - a„_,) + Q (* - «i) (^ - G',) ... Cv - o„). 
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Now this equation subsists for all values of «r, and therefore 
is true when a » a^, a^, &c. Let these substitutions be made 

successively, and let I— j denote the value assumed by -—, 

W / 9 — 0^ Vt 

when in it, a, is written for w; then we have 

(--) « Ai (a, - Oj) ... (a, - a^) which gives ^,, 

(77) « ^»(^Jl - «l) .-• («2 - «ll) ^29 

&C. i- &C. 

(77) - ^n (f^H - ttl) ... (a« - ««-i) ^n- 

Hence A^ A^^.^.A^ being known, P becomes the only 
unknown quantity in equation (l), and may therefore be 
found. 

Kx. 1. T— — ; 

Jx .tr + Otr + 8 

the roots of »r^ + ().r +8 = 0, are - 2, and - 4, 
.\ ,r* + ().r + 8 = (^ + 2) (or + 4) ; 
T A B 

lot . ■ —.V » + 



{X + 4) (.r + 4) .r + 2 .r + 4 ' 
.\ 4* « i Or + 4) + J» (4r + 2), 
let 4" K - 4« .\ - 2 = wl . 2, or J = - 1 ; 
iigiiin let ^ « - 4. ,\ - 4 = B (- 2), OT jB = 2; 

4^ - I 2 

(^ + ^> (^ + 4) 4^ + 2 4- + 4 ' 
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34. The above method requires us to know Q ; in cases 
where Q is unknown, the following method is convenient. 

Consider only one simple factor, a? -a,, and let 

F=(a?-Oi).*y. 

Make - = — ^+77, .'. U^^A^S + Rioj-a^), ,\ {—] =Ay 
V w-a^ S \*^/#=a 

But d,F=d,*S(d^-al)^-*S; 

hence^ if d^^^ V, S^^ > represent respectively the values of 
d,V and S when a? = ai, we have S^^^^^^d^^V^ 

.-. Ji= ^; similarly ^2 = -3 ^ , &c. 



'x=ai *=ag 



Hence the fraction corresponding to any one simple iactor^^f^ 
is obtained without dividing V by that factor ; and the decom- 
position of the proposed fraction may be thus represented, 

U ^*=«. 1 ^*=a, 1 ^*=a, 1 P 

^ <^*=«/ ^-«1 ^*=a.^ ^-«2 rf^^^-«» Q 

Hence all the coefficients are known, and P becomes the 
only unknown quantity ; Q being obtained from V by dividing 
it by (a? -a,) (a? — a^) ... (a? — a„). 



« w « 



d? + 3 



• a? - 1 



let 



tT*- 1 <1?+1 X - I «»^-fl' 



/;. 
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- 1 +S 1 1+3 
here </,r - 4«», .-. A = ^ - - -, B = l, 

— 4 2 4 



T^- 1 "^ a? + 1 .r- 1 a?* + 1 " 2 (a?* - 1) a?* + 1 ' 



.-. .1-1- 3 = (ar» -f. 1) + P(a!*-1), 



or — ^- (I - .r*) = P(a!» - 1) ; .-. P» -^(« -|- S); 



■y + 3 ■ I _1 i(_f_ 3 \ 



Ex. "2. To resolve — into partial fractions, 

jr — qx -- r 

where the roots of o^ - ^or — r = are aU real but inoommen- 
s\inibk\ 



r i5\* 
If ix>s0« I-) * ^^^^ three values of j are 



lei thi\k* W ilonotiHl hv ik 6% t\ ami let 

I A K C 

r^ i,vr • «* X «} r — ^ r - o * 
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..A^ ' 



4iq 



{(-!)-:} 



i/q sin i (tt + 0) sin ^ (tt - 0) ' 



since ^= (cos — ) . Similarly, changing successively into 
TT + 0, and IT - (f>^ we obtain the values of B and C 

35. To determine the partial fractions corresponding to 
the simple factors which occur more than once in the de- 
nominator. 

Let w " a occur (w) times, and, therefore, V ^ Q(jv - a)*, 
Q being an integral function of os which does not vanish when 
w = a. 

Assume -; = -z -; + ' -3^ ... + + -; 






substitute for -ij its value, and let i— = f/i, which is 

0? — a 

necessarily an integral function, because the equation 
f7'--4iQ = 0, or ^gQ (^ -«)-••+ ^(^- a)* = 0, 
is satisfied by ^ = a ; 



/ 
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proceeding in this manner to form successively the subsidiary 
functions t73,...(7„«i, f7„, dividing them by Q, and then 
making at^ a^ we shall determine all the other quantities, 
viz. 

(^) = A, &c., (^^) = A, and U^ = P. 



Sai^-1 



Ex. 1. / ; — — 



Sw^^l A B P 

Let 7 -To-T—. TT = : TTS + + 



{x • 1)* (a** + 1) (a? - 1)» " ^1? - 1 (a?« + 1) ' 

let a? ss 1, .•. 2 = 2^, or ^ as 1 ; 

••• (Sa?2 - 1) - (^ + 1) = 2 (^- 1) = J5 (a? - 1) (a?' + 1) + P(a? - 1)% 
or, dividing by a? — 1, 

2 (^ + A) = 5 (^ + 1) + P(a? - 1), 

let a? = 1, .-.4 = 2 5, or J5 = 2 ; 

.-. 2(a? + \)-9.{aF'^l)^-2x{x'- l) = P(a?- 1), or P= -2a?, 

3a?* -1 1 2 ^0? 



(a? - 1)^^ + 1) (a? - 1)^ 0? - 1 0?^ + r 

Ex 2 r ^ + ^-^2 ^ ^ + g 

X (a? + 1)2 (a? -1)2 a? 20^-1) 



+ log, - 



a?* 



V^(a? -h 1)* {x - 1)^ ' 
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36. The above method, in order to determine any single 
fraction in the group, requires the computation of all the 
preceding ones; by the following method we can find any 
single fraction directly. Since 

U 

— = ^1 H- ^2 («a? - «) +^3 (^ - ay + &c. +^„ (a? - rt)" • ^ + X^ {w - a)% 

p 

where Xi — —-^ we have^ by successive diffelfentiations, 

d^ (^) =-^2+2-rf3(a— a)-f &c.+(n-l)^„(a?-a)*-^+^2(^-«)""^ 

fee. = &c. 

Xz^ Xs9...Xn representing functions of jn that do not become 
infinite when w ^a. Now make x = a ii\^|^:above equations, 

•'• ^' = (q) '_^'='*'=« (q) ' ^=r? '^^ (q) ' ^^- =^*^' 

Hence the general expression for any partial fraction in the 
group is ^ 



For every factor of the same form found in the denominator 
r, a process similai" either to this or the one in the preceding 
article must be gone through, to determine the partial frac- 
tions belonging to it. 

37. To determine the partial fraction corresponding to 
a quadratic factor which cannot be resolved into two real 
simple factors, and which occurs ovlyimce in the denominator. 



j^ i yt \J 
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Let x^ - ax + b be the quadratic factor, and or < 46, then 
the roots of the equation x"' — ax + b = are imaginary ; also 
the denominator F= (o?^ - aa? + 6) . Q, where Q is an integral 
function. 

U Ax + B P 

Assume — = — + — , 

V x^ - ax + b Q 

A and B being constants, and P an integral function; 

.\ U --{Ax + B) Q,^ P{x^ - ax + b) (l); 

or, separating in the first member the odd and even powers 

of tV, 

R (a?^) + xR' (^) = P(a?« - a^ + 6), 

R(jx^)^ S!{a^)<, denoting integral functions of cT*, into which A 
and B enter only in the first degree. 

In this equation make ^^ — ao? + 6 = 0, that is, write 
ax — b for a?', then the second member vanishes, and the first 
may be reduced to the same form as before, R^ {x^) + xR^'{x")y 
the dimension of each function being diminished one half, 
and A and B still entering only in the first degree. By re- 
peated substitutions of ax — b for a^, we shall at last arrive 
at a result of the form M + Nx^ which put equal to nothing 
furnishes two equations J/ = 0, JV^ = 0, for finding A and B ; 

and then P= -^ ^ — i an integral function of x. bv 

itr^ -ax + b -^ 

putting for A and B their values, and performing the division. 

J, r It'^f 

J* (a?^ -^ 2a? + 5) (ii?^ + a? + 1) ' 

3 + 7a? Ax-^B P 

jg^ — 1> 

(^ -2a7-f 5)(^ + ^^- 1) x^-^^x-^S x^ + x + 1^ 
/. 3 + 7a? = {Ax -^ B)(x^ -\-x + 1) + P{a? - 2a? + 5). 

Make a?^= 20? -5, 
.-. S + 7a? = (^a? + B) (Sx - 4) = A(3x^ - 4a?) + 5 (Sx - 4) ; 



> 
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or, substituting again for o^^ 

3 + 7j? = -rf (2cr - 15) + S {^^co - 4); 
therefore, equating coefficients, 

3= -15^ -4jB, 7 = 2^ + 35; .'. -4 «= - 1, jB = 3 ; 

.-. 3 + 7^ - (3 - «r) (a?* + a? + 1) = P{pf^ - Sa? + 5), 

or 07^-2^^+ 5a? = /*(a7^ - 2a? + 5), .•./*«= a?; . 

3 + 7<i? 3 — 0? ' «r 

* ' (a?* - 2a? + 5) (o?'^ -f ti? + 1) o?^ - 2a? + 5 a?* H- a? + 1 

2 07 — 1 a? + i , 1 

(a?-l)' + 4 a?^-2a? + 5 a?^ + a? + 1 ^C«'+i)* + t 

1 1 / « V 1 ,2a? + 1 

+ i logc (^* + a? + 1) ^ -^ tan-^ — -pr- . 

1 Ja? + J? ^ia? + jBi C 
let — ^ -r-r-s — rr = -T-^ + -^^; + 



(a?' + 1) (o?^ + 1) a?* - 0? + 1 07^+1 0? + 1 ' 

.-. 1 = iAco + J?) (a?2 + i)(a? + 1) + (^la? + B^ {a? + 1) 

+ C(a?« + l)(a?«-a?+l). 

Make a?= - 1, .'.is: 6C; 

make o?^ + i = 0, or a?^ = - 1, .-. 1 = (AiW + B^ (r- a? + l) 
= ^1 (- a?* + 0?) + 5, (- a? + 1) = A^ (1 + 0?) + J?j (- 0? + 1), 

.-. ^1 = 5, =i. 

Make 07^-07 + 1 =0, 
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.M = (^a^+iB)af(af+l)=(^J?+S)(2a?-l)=J(24,'*-a?)+fi(2a?-l), 

or 1 = A(x-i) + B (ix - 1) ; 
.. I = -ZA-B, O^A + ^B; A=-§, 5 = -^; 



(af» 



1 _, l-2af l+a? J 1 



(^-.iy(.-Hl).. .,^^.._^_ 



••X(a.»+i)(^+i)-'°^'V(^«_.^+,)r/"'* 

38. In the above method, the division of Fby a?^-aa?+6, 
in order to find Q, will sometimes be a tedious process and 
may be avoided in the following manner. 

Since T = (a?^ - a^ + 6) Q, 

.-. d,F=d,Q.(a7*-aa7 + 6) + Q.(2a?-a); 

hence when a a? - 6 is substituted for a?*, d, F and Q . (2 a? — a) 
have the same value; and therefore when Q is unknown, 
A and JB may be more conveniently obtained from reducing, 
by repeated substitutions, 

(2«r - a) . U - {Ajff + B) d^fV to the form M -f Nw, 
than, in the usual way, by reducing U - {Aof + jB) Q. 

Ex. In the resolution of ;; into partial 

or + «r^ — «r* — or * 

fractions, to find that whose denominator is a?* + 1. 

The quantity to be reduced by successive substitutions of 
- 1 for A**, is 

2a? - (Ajff + B) {Sx' -f 7^ - 4^ - 3a?*), which becomes 

2a?-(^a?+J?){-(8cr+7)+4a;+3}=2«r+4(^a?+S)+4(-^+^a?); 
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.-. 2 + 45 + 41=0, -4il+45 = 0; .'. 1 = 5 = -^; 
and the required fraction is - i 



^07^+1 



39. To determine the partial fractions corresponding 
to a quadratic factor, not capable of being resolved into two 
real simple factors, which occurs in the denominator (n) 
times. 

Here V = (jc^ — aw -{■ by Q, where Q is an integral func- 
tion of a?. 

. U A.as + Bj A^no -f B^ 

Assume -— = , ^ —-- + 



^1, Si,...-^„, JB„, being all constants, and /* an integral func- 
tion of tV; 

.-. U^i^A^co + B^)Q = (^20? + JBg) (a?2 - ao? + 6) Q 

... + (A^ + Bn) (a!» - aa? + 6)*-^ Q + P(a^ - aa? + 6)". 



In this equation, substitute aw — b for <r^ ; then the second 
member vanishes ; and the first, by repeated substitutions of 
aw — b for o?^, can be reduced to the form M^ + N^a^^ (as shewn 
in article 37.) which put = 0, gives M, = 0, iV, = ; and since 
A^ , jBj enter these equations only in the first degree, they can 
always be determined. Substituting these values of ^^ and J?j, 

and performing the division, we have — -^ — = U. , 

w^ — aw -j-b 

an integral function. 

.-. U, = {A2W + B^)^ &c. + {A^w + jB„) {w'-aw + by-'' Q 

+ P{w^-aw + bY''^', 

and substituting for ar^^ and proceeding as above, we find 
M2 + iVa^ = ^9 which gives A 2 and jBg. 
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Similarly, we can determine A^, jBs» &c. ; and U^ = P. 

2 <m5 _ /«' 

Ex. To resolve -— r rry-z r^ , into partial 

fractions. 

^of^-x^ Aof + B Jiw + Bi P 

^^ ^+iy (a?* ^. ^ + ly " (^ + 1)^ "*■ a?' + i "^ (^^ + 07+ ly' 

.-. ct?^ (2a?3 - 1) = (^^ + jB) (a?^ + 0? + 1)^ 

+ (^,a? + 50 (^'+1) (ci^ + .r + l)^ + P(cr'+l)^ (1), 

let a?2 + 1 = 0, .-. 2,r + 1 = - (^«r + 5), 

.-. ^ = -2, 5= -1; 

hence, substituting these values in equation (l), 

a?^ (2a?^ - 1) + (1+ 2a?) (o?^ + 0? + 1)^ 
= (^1.1? + ^0 (w' +i)(w' + w + ly + P{a:'+ ly ; 

but the first member of this equation, since it must have 
ti?'^ H- 1 for a factor, may be put under the form 

0?^ {^a^ - 1 + 2cr + 1) + (1 + 2a?) |(a?^ + l)^ + 2a? (a?* + l)} 

= 2a?^ (a?^ + + f2a? + 1) (a? + l)^ (a?* + l), 

.-. 2a?'+(2a? + l) (a? + l)^=(^,a?+jB,) (a?V'a? + l)*+P(a?V 1); 

let a?^ + 1 = 0, .-. - 2a? + (2a? + 1) 2a? = (A^w h- 5,) a?*, 

or - 4 = - (Aioe + JBj), 

.-. -4, = 0, J?j = 4; 

.-. 2aj3 + (2a? + l) (a?* + i + 2a?) - 4 (a?^ + .r + l)* = P (a?* + l), 

or S.V (.V* + 1) + (2a! + 1) (.V* + 1) - 4 (.r* + l)* - S.r (,r* + l) 
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.-. P= - 4a?'* -4<J? -3; 



2<r*-a?^ 1+20? 4 4<«?^ 4- 4a? 4. 3 



+ Z^ 



(or + 1)"* (o?^ + cx? + 1)^ {ai^ H- 1)^ a?'* + 1 {od^ + ^ + 1)2 

1 + 2<r 4 4 1 

" " (a?^ + 1)' "^ 0?' + 1 " (ci?2 + a? + 1) ■*" (a?V <r + 1)' ' 

We shall now proceed to the consideration of certain 
other fractions which merit attention, both because they are 
the forms to which many expressions can be reduced, and 
because they can be integrated by elegant particular methods 
more easily than by the general ones just explained. 



// 40. To integrate 



1 -a?" 

Case 1. Let (n) b^ even ; then resolving 1 — a?" into its 
quadratic factors, we have 

1 - a?" = (1 - a?^) (1 - 2a? cos — + a?^) 

n 

X (1 -2a? Cos — + a?0 (1 -2a? cos + a?^) ; 

thetefbte, taking the Naperian logarithms of both sides, and 
differentiating, 

27r 

\ — 2 COS V 2a? 

-wa?""^ -2a? n . 



1 + 



1 —a?" 1 -.1?* 27r „ 

I — 2a? COS h a? 



47r (/i - 2) TT 

— 2 cos — +2.1? — 2 cos ^^ H 2a? 

n n 

+ 



47r 2 (w-2)7r 2 

1 - 2a? cos V (JG 1 — 2a? cos h or 

n n 
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Multiply by a?, and subtract each side from w, that is, 
the first from w, and each term of the second from 2, since 



n 



the number of terms is — , and divide by n; then 

2 -^ 



1 



1 -<r' 



2 
n 



1 — J? cos 



27r 



n 



1 -tP 



7 + 



27r 

1—207 cos h .r' 

n 



+ 



4<7r 
1 - a? cos — 
n 

1 - 2<r cos 1- «ar 

n 



I — w cos 



(W - 2) TT 



+ 



n 



(n - 2) TT 

1 - 2^ cos -^ h 

n 






Case II. Let n be odd, then the resolution of 1 - a?" 
into factors, gives 

27r 
1 - a?" = (1 - 0?) (l - 2^ cos — + <r^) 

n 



47r 
X (l - 2a? cos — + 0?*) 

n 



(n- l)7r 
(1 - 2ci? cos ^^ — ^^^^— + cP^). 



n 



Therefore, taking the Naperian logarithms of both sides, and 
differentiating, 



— nof 



n-l 



- 1 



27r 

-2 cos h 2a? 

9^ 



1 -a?" 1-0? Stt ^ 

1 — 2a? cos f- a?* 



+ &c. 



(n - 1) TT 
- 2 cos h 2a? 



n 



+ 



(n - 1) TT 

1 ^ 2a? cos ^ h 0?* 

n 
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Multiply by ^9 and subtract each side from n, that is, 
the first from n, and the first term of the other side from 1, 

and each of the remaining — ^— terms from 2, then 



2 



2 



L 

2 



1 — a? cos 



27r 



n 



1 — ^ ri 



1 -x 



+ 



27r 
1 -2.2? cos — + ar^ 
n 



1 — J? cos 



4f7r 



1 — X cos 



(n - 1) TT 



rl 



n 



4f7r 
I "2 Off cos — + of^ 
n 



1 — 2 a? cos 



n J 



Hence 



/ can be found ; for each of its partial 

J X 1 — 3u 



fractions is of the form ^, the integral of 



1—2^ cos a + c^ 



which is (Ex. 2. Art. 28.) 



. <r - cos a , , . 

sm a . tan * — ; i cos a . log^ (1 — 'ice cos a + ixr), 

sm a 



Ex. 



il-a;''' 



IT 27r 

1 — ,2?^ = (1 — od^){i — 2^ cos — + a?^) (1 — 2d7 cos — + <2?*) ; 



therefore, taking logarithms and differentiating. 



1 -.2?' 



TT 2'7r 

— 2 COS — h 2<r —2 cos — + 20? 

-2<27 3 3 

+ + 



1 — 2<2? COS — + or 1 — 2a? cos h ^ 

3 3 
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Multiply both sides by ^r, subtract the first side from 6, 
and each term of the second from 2, and divide by 6 ; 



1 



1 -a?^ 



= 4 



1 — a? cos 



TT 



1 — a? cos 



Stt 



1-0?^ 



1 



TT 



— 2a? cos — 1-0?^ 1 
3 



2a? cos \-ar. 

3 



^°^/TT^ = ^^°Sef^; 



/ 



TT 
1—0? COS — 
3 



TT ^ 2 

1—20? cos — H- a?'* 



^yr 20?- 1 , - . ^. 

tan-^ 7=- - i log, (1 - a? + ^), 



x/s 



3 



1—0? cos 



27r 



3 



27r 

1 - 2o? cos 1-0?^ 

3 



V^ 2o?+l 1 , ,. ,. 

-^^— tan-^ — 7=- + i loge (1 +o?+o?*). 
2 V3 ^ 



TT , . -TT s/s 27r 

••• cos - = A? sin — = > cos -— 

3^32 3 



therefore, collecting the results, 



, . 27r 'v/3 
= -^, sm — = ; 



3 2 



^/3 f ,2lo?+l 2o?-l\l 

+ tan"^ :7=- + tan""^ — 7=- > 

2 V \/3 VS/J 

1, /l+o? . /l + ^ + ^^ !• ,x*s/3 



41. To integrate 



1+0?" 
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Case I. Let n be even; 

.*. 1 + 0?" = (l — 2 07 cos — V 01^) 

n 

X (1 - 2d? cos V or) (1 - 2o? cos \- or); 

n n 

hence, by the same process as for when n is even, we find 

1 — cT" 



tr Sir 

1 — tV cos — 1—0? cos — 

n n 



1 2 J 

1 — 2a?cos — + or* 1— 2o?cos — -for 
In n 

1—0? cos — 

+ l_i 

(w-l)7r .(* 

1 -20? cos -^^ — +or| 

n J 

Casu II. Let n be odd; 

.-. 1 + 0?" = (l + 0?) (l - 2o? cos - + 0?*) 

Sir ^ , (^"-2)7r ,. 

X (l -20? cos — -f o?2) (1 -20? cos '— +0?*); 

n w 

1 
and by the same process as for — -— when n is odd, we find 



i- = J-i- + 



TT 
1—0? COS — 

n 



1 +0?" n 1 +.17 IT g. 

1 - 207COS— + 07* 

n 

Sir , (n-2)7r 

1—07 COS 1—0? COS 



n n 

4- + 



Stt „ (n-2)7r . 

1 - 207COS — ■\- or 1 -207COS + o? 

n n 



.1 
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r 1 

Hence / can be obtained. 

•/, 1 4- .r" 



1 + <r \/2 + a^ 



Ex. f-^ = JL. w ^+^^i^^ 

^,14-^ 4 y^2 1 - a? \/2 4- «?" 



1 , a?\/i 

+ 7= tan-^ — ^ 



fl 42. To integrate -;; 

*^ «2? ^ 1 



Let ar^ -^w cos ^ + 1 = (a? - a) (a? - 6) represent any qua- 

A B 

dratic factor of the denominator F, 1 the fractions 

OB — a w — b 

corresponding to it; 

.-. (Art. 34.) A = — ^^ = — — = ; similarly, 5 = , 

since a and 6 are roots of cX?" ± 1 = ; 

o} — a w — b =f 71 \a? — a x — b) 



=f n V 0/^ — 9.0! cos 0+1 

1 /2a? cos (m + 1) — 2 cos w0^ 



')• 



(■ 



=f W \ W^ —9,0) COS 0+1 

since a + 6 = 2 cos 0, afc = 1. 

This is the general form of the partial fraction, which may 
also be expressed by 

1 /2 J? cos (m+1) 0-2 cos (w+ 1)0 cos 0-2.sin (m+l) sin 0\ 

=f n\ ar^ — 9.W cos + 1 / ' 
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1/ , ^ 2,r — 2 cos . , V 

— cos (w + 1) d) -— 2sin (m + 1) 

n\ ^ ^^ -2.2?cos0 + 1 ^ 

sin (p 



(a? - cos (f>y + (sin 0)^/ 



f is 

icos(m+ l)0.1ogj(<r^-2^cos0 -\- 1) 

. , . , , ^ - cos 01 

-2sin (m + 1) 0.tan"^ — -, ^>. 

^ ^^ sin0 j 

Case I. Take the upper sign, then (h = — , \ re- 

presenting an integer; and to obtain all the terms, \ must be 

tn Th — S 

taken from to 1, when n is even, and to when n 

2 2 

is odd; the remaining simple factor, a? + 1, in the latter case 

. (- 1)*" 1 
giving the partial fraction — . , and consequently, 



im 



(-ly 

the integral ^ logc(<r-h 1). 

2\7r 
Case II. Take the lower sign, then (p =■ ; and when 

n 
n is even, X must be taken from 1 to 1, the remaining qua- 

At 

dratic factor being <r^ — 1, which gives the partial fractions 

1 / 1 (-1)'"+^^ 

n\x — I a? + 1 

1 (-1)*"+^ 
and, therefore, the integrals — logg (ti? — 1) + log^ (a?-f 1). 

n - \ 

When n is odd, \ must be taken from 1 to , the remain- 

2 
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ing factor, .r-l, giving the partial fraction — . , and, there- 

n w — 1 

fore, the integral - log^ (a? - l). 



f) 43. Hence we can integrate — ; 



for, making -^ = ;jr" and therefore a?^ = l-jz^^d^z^vfehave 
Jxa + hof a \hl Jxl ^z^" a \b) J^ 1 + %^ ' 







When n is even, and a and h have different signs, we must 

assume = ^Jf". 

a 

44. To integrate - 



a?" + 1 



Let d?^ — 2<r cos + 1 = (a? — a) (<a? — 5) be any quadratic 

A B 

factor of the denominator F, + the fractions cor- 

0? — a «2? — 6 

responding to it. 

Case I. Take the upper sign ; 



.'. A^ 



x—a 



similarly B — 



6™ - rt*" 



— n 



A B dr'-}f{ 1 1 1 

' w — a X — h n \ <r — a x — h] 

-1 {or - 5"') (a - 6) 4 a*" - &•" a-h 1 



n \i?^ -2a? COS0+1 n*2y^- 1 '^y^- 1 *a?^-2a?cos0+J 

= - sin w0 sin -r , 

n * or — ^.x cos 0+1 

which is the general form of the partial fraction. 
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^"«-i + a?""*""^ 



Hence, the general term of / 

4 . ^ ,a7-cos0 , ^ (2\+l)7r 

- smmd). tan"* — ^ , where m = — ; 

n ' siu(p ^ n 



n 



aiid to obtain all the terms, X must be taken from to l, 

2 



when n is even, and to 



n -3 



when n is odd ; the remaining 



simple factor a? -f 1 in the latter case giving the partial fraction 

-JL. A- 0" + (- 0' 

^ + 1 V 



- n 



I , which vanishes ; 



m — \ I --«— m — 1 



" L <»" + 1 



= - ^ sm . tan 



-1 



n 



n 



IT 
X — COS — 

n 

sm — 
n 



. 3mw 



0? — cos 



+ sm 



n 



. tan 



-1 






sm — 
n 



+ &c. 



the number of terms being — or , according as n is even 

or odd. 

Case II. Take the lower sign, then 



A^ 



a"^-^ - a""*""^ 



or + a"^ a*" 4- 6 



m 



na 



n-l 



— n 



— /i 



this must also be the value of B since a, 6, are similarly 
involved ; 



A B aT'-^ir 



iV — a X — h — n 



(— - —J 

\,r — a X — hj 



2 cosm0 / 2^ — 2 cos \ 
\a?^ — 2a? cos + 1/ 



- n 
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the general form of the partial fraction, the integral of which is 

2 

cos md) . loge (a?^ - 2a? cos + 1) ; 

n ^ 

.-. / = <cos . loff- (or - 2a? cos — hi) 



3lW7r 

+ cos 



— . loge (or — 2a? cos 1- 1) + &c« f • 

n n j 
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The series within the brackets goes on to - terms, if n be even, 

and to ^^ terns, if odd ; the simple factor, in the latter case, 

2 
giving the additional term (—I)'""'"* — logg(«r + 1). 

n 

/J 45. In the same manner may / be ob- 
tained, in logarithms only, or circular arcs only, according as 
the upper or lower sign is taken. 



a?"* 



46. To integrate — -p-— . 

^ ^ a?^» - 2 cos a?" + 1 

Let a? — ^w cos d) + 1 = (a? — a) (a? — 6) be any quadratic 
factor of the denominator F, 

.-. a" = cos -f ^y^\ sin 0, If = cos - %/- l sin ; 

A B 

and let 1 be the corresponding fractions, 



u or 



4? = a 



^x=«^ 2w(a" -cose)a»-^ 2w\/-l sinOa"""'-^ 

iM — m — l fl^~^~^ 

- — , since afc = 1 ; similarly fi a= - 



2n\/- 1 sind 2ny/ - 1 sin 



X 
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A B ^ 1 /6«-»«-i o"-'"-^ 

-a x-b 9.n\/ - 1 sine \a?-a a? - 6 / 

1 a*-* - 6*-" - X (a"-"»-i - 6*-*-^) 

gn-x/^sinO a?^ -2«? cos0+ 1 

1 sin (w - m) <^ - zp sin (?i - »w - l) 
71 sin 0?^ -2a? COS0 + 1 

which is the general form of the partial fraction. 

1 , , . ^ , a? - COS 

— r—T ^cos m - m - 1) ffl . tan"* — : — --^ 
n Sin ^ ^ sin 

- ^ sin (w - m - l) . log^ {a^ - 2a? cos + 1) + C}, 

where d) = ; and to obtain all the terms, X must be 

^ n 

taken from to t* — 1. 



IS 



/ 



47. If in the preceding article we suppose 

COS0 

C = COS (w - w — 1) d) . tan"' -; — — , 

^ sm 

, X — cos d) , COS th 

then tan"^ — ; ^ + tan~^ . ^ 

sm tp sm <p 

a? 



sm , a? sin <A 

= tan"* i t' a tan"* ^?-— ; 

X — cos COS 1 — a? cos 

sin ' sin 
and therefore the general term of the integral becomes 

1 . , ^ , , a?sin0 

— : — ;r {cos (n - m - 1) . tan"* ^—- 

nsm^^ ^ 1— a? cos 

- ^ sin (n ^ m — 1) . log^ (a?^ - 2a? cos + l) } • 

H 
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By this determination of the constant, the integral vanishes 
when a? = ; here also we are furnished with an instance of the 
change made in the form of the integral, by the introduction of 
a constant of a particular form. 



t 48. Hence we can integrate 



0?* 



a 4- baf" -h coj^" 

m-H 



c /o\s /a\'^ 

Let - J?** = «*% .-. af= (-1 «», and a?^= (-J ss^dj^z, 

»a'\'haf''\'Ca^'' \c) I , ^ • 



m+I 



_^ 1 /a\ ^" r «" 

~a 'U/ ir 1-2 cos 0»" + «*" ' 

6 

if cos = -p= , which requires that 4ac be greater than 6^. 

2 V oc 

But if 4a c be not greater than 6^, then the values of ^ in 
the equation ca?* + 6af -i- a = are real ; let them be denoted 
by / and ^, 



a-k-ha^ '\- ca^* c (a?* -/) (a?" - g) 



c(f 



L_/..J L.I. 






and is reduced to Art. 42. 



SECTION III. 



RATIONALIZATION. 



^ 



Aet. 49. Having proved that f^u can always be found 
when z^ is a rational function of a?, any proposed function must 
be considered as integrated, when by any transformation it can 
be reduced to the form j^R(x)j where R {%) denotes a rational 
function of %^ or to such an irrational form as admits of being 
rationalized. This transformation can be effected only in par- 
ticular cases depending upon the form of u ; the following are 
among the most useful. 



m 



I. To rationalize /,jR {<»% f -— ) , (-^LJl^) &c.j 

Assume — = ir, where l = nq ... = product of denomi- 

nators of the indices, 



.'. a H- 6a? = ai%^ -I- hiwz^ or a? = 



aiZ — a 



• • Cv^^ ""* 



(b - b.z'y ' 



m P 



also -— =J5?", — =«r^,&c. which are all 

rational. 

"Hence by substituting these values, j^w = f^ud^w becomes 
of the form fgR{%), 



i 
f 
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It is manifest that f,R {xj .r", a??, 8cc.) 

• t 

and Jt,R {a?, (a + fca?)*, (a + 6a?)», &c.} 

are particular cases of the above ; and to rationalize them the 
assumptions are «s jy"'***, and a -h 6«r = »"'•••, respectively. 

Also Laf"'R{ar% — -) , (-— - — , &c.J 

^' ^ Va,-l-6iW V01+61W ' ^ 

is immediately reduced to the above form by making af^ = x. 

V — ; let a? = «^, .-. dgW^dstTj 

1 +^ 

.-. ^tt = /" — — 6r^ = (by division) 

6/J«^' + «•-«*-«* + 2»» + «« - 2« - 1 + - — ^j 

= 6 - + ---— - + - + ----^-» + logeO +«*) + tan 'z\. 
\8 7 6 5 2 S / 

Ex. 2. /"t TT — 7; tt; let i+a? = »«, 

J, (1 + ^)* - (1 + ^)* 

./ by dividing and integrating. 

Ex. 8. / ir~7=r=' 

•'» (c + ea? ) V « + o'*' 

1 2 

let y/a + bw^f^, .: -^^=_ = ^d,sr, 
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SECTION IV. 



FORMULiB OF REDUCTION. 



51. We next come to the case either where we are unable 
to rationalize f^u, or where that would be a disadvantageous 
practical method of effecting the integration ; but where, by 
means of certain assumptions, a proposed integral is reduced 
to one more simple, and this again, by the repetition of the 
process, to one yet more simple, and so on, till it is made to 
depend upon the simplest of its class. 

The first form of u to which this method applies, and 
which demands particular attention on account of its frequent 
occurrence in the applications of the Integral Calculus, is the 
binomial differential coefficient 

J7"»-^(a + feaf)^ or a?'"-^^^ 

as we shall write it, wi, w, p, being any numbers whatever, 
whole or fractional, positive or negative. Of course 

is included in this, since it may be written 

m 

52. It has already been shewn. Art- 19? that when — is a 

n 

positive integer, or — +p a negative integer, jgW^'^{a + bafy 

can be reduced to the sum of a series of terms of the form cf^z' ; 

and when either of these conditions is satisfied, this is the easiest 

method of integration, though it does not usually give the result 

m 
in its simplest form. Also in the cases where — is a negative 

integer, or — I- p a positive integer, the same substitutions 

n 



i 
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will transform the integral into JgR{%)j where if («) is a rational 
but not an integral function ot x\ consequently the method of 
substitution is of no practical use in the latter cases and must 
be superseded by the one which we are about to explain, founded 
upon the following proposition. 

53. It is always possible to make an integral of the form 
fgOf^'^X^ depend upon another of the same form, in which one 
of the indices is altered; viz. that of x by the addition or 
subtraction of n, and that of X by the addition or subtraction 
of unity. 

For if we differentiate the expression afX'^^ by the formula 

we find, since dgX=^ nbaf^~^, 

d, (x'X'i) = a^'-' X^-' (rX + qx . nhaf-^) ; 

now, first, eliminate X from the quantity within brackets, by 
putting for it its value, a-^-haf^ 

r. d^iafX^) = x'-^X^'^ {ra + (r + nq) haf"] 

= raoT-^Xi'^ + (r + ng)6a?'+«-i^«-^; (l) 

secondly, eliminate af^ from the quantity within brackets, by 
putting for hof its value, X—a^ 

.-. d^{x'X^)=af-^X'i'^{{r-vnq)X-anq] 

^(r'^nq)af'^X'i'-nqaar^^X^-\ (2) 

Upon integrating equations (l) and (2), we find the integrals 
f^x'-^X^'^ and j;^'+"-^jr«-^ connected, and f^x^'^X^ and 
fgW^'^X^'^ connected, (so that in each case, one is known if the 
other is) where the respective indices differ in the manner 
announced. 

64. In the preceding article, we observe that the quantity 
differentiated, (xfX^^ is formed by adding unity to each index 
in the one of lower dimensions of the two expressions whose 
integrals are connected; and that in resolving its differential 
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coefficient, we eliminate JT, or ^p", from the quantity withiit. 
brackets, according as it is the index oi X ot og which is- 
to remain unaltered. 

55. Hence an integral of the form f^ai^'^X^ being pro- 
posed, we must first consider whether, in order to reduce it to 
a known form, it must be made to depend upon an integral in 
which the index of x is changed, or upon one in which that 
of X is changed ; i. e. with which of the four integrals 

j^^«,-.«>l^p^ j^^m^n-lXP^ f,a^-^-^XP'\ f^W^-'XP^\ 

it must be connected ; and then make an assumption according 
to this rule. 

Take the one of lower dimensions of the two expressions 
whose integrals are to he connected^ increase the index both of 
X and X by unity ^ and assume the result = P. 

Then in all cases d^P can be resolved, (by performing, as 
the case requires, one or other of the eliminations to which the 
attention was called in the last article) into the sum of the two 
expressions whose integrals are to be connected, each multiplied 
by a constant coefficient ; and upon integrating, the formula of 
reduction is obtained, by the successive applications of which, 
fgaf^''^X^ is made to depend either upon a known form, or 
upon the simplest integral of its class. 



» Ex. 1. f 



d^ 



y/a^ " a^ 



Here we must diminish the index of a?, i. e. connect the integral 
with J^a?"*"^ {a? - a?^)"^ ; for since m will be diminished by 2 by 
each process, we shall at length arrive at 



/ / '-, or / . :, 

^v\/ a^ — a^ '^ x\/ d^ — a?^ 



(according as m is even or odd) both of which are known forms. 
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Also since ^~'(a?-^)"i is the expression of lower dimensions, 
increasing each index by unity, the assumption is 






^-2 ^m 



= (m- l)a*— 7=== -m— ^==r; 

y/cf — x y/dr — a^ 

.'. / . = + €? \ 

Jm A /^f* — jW* W* ff» •/# . 



which is the formula of reduction. 
Change m into m — 2, m - 4, &c. 

J*\/cF^^ w-2 wi-2 J'y/a^-x^ 

r oT-^ ^. OT'^X^ Wg-5 /•_£^ll_, 

and we shall at last come either to 

« 

3 8 
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Hence, collecting the results, we have, wh^n m is even. 



(w - 1) (m - 3) a^a?*""^ (m - 1) (m - 3)...l 

??i(w-2) m-4 " w(m-l)...2 

(r» - l)(m -3)...l „ . ,a? 
?» (m — 2)...4.2 a 



a*»-»a?| 



r ^ y-r; f 

but if m be odd, / — ^ = — y/ar—a^ I 



4 /«»» — 5 



{m - 1) (m - 3) a'a?*"-^ ^ ^ (w - 1) (m - 3). ..2 



m(m — 2) m — ^ 



(w - 1) (m - 3)...2 ,) 
m(in^2)...3 j 



These results are homogeneous and of m dimensions in 
0? and a, as they ought to be ; for the expression integrated is 
homogeneous and of m — 1 dimensions. 

If m be odd, then is a positive integer; but the 

integral obtained by substitution, as in Art. 19, would be in 
powers of (a" - ^). 



Ex. 2. 



L 



a?2 



V 2aa? — a/^ 



When as here, the index to be reduced is a given number, 
we must investigate the formula of reduction for the case where 
some general symbol m is written for the number, and then 
substitute. 

In the present instance then we must find the formula of 

y =: = f^a/^ 'i(2a — aj)~i, which must 

* ^ 

be connected with J^ai^'^i^a - ai)'K Hence the assumption is 



.V 



70 



.-. d,P = --7===={(w-^)(2/i-a?)-^cr| 
= (2i»-l)o — —m 



w^'^y/i.aoB-ai^ (2171-1)0 r x"^'^ 



^m w^'^y/^ax—o^ (2m—l)ar 



Hence making successively m = 2, m = 1, 

/a^ a?\/2a<a?— 07* Sa r x 

^ \/2ax " af^ 2 2 ^xy/^ax - x^ 

I . == = — y/2,ax — tt?*"* + a / —j==== 

^x y/^ax —x^ ^* y/9.ax — <r* 

/ — , fcP 

= — V 2aa? — a?*^ H- a versin"^ - ; 

a 



versm 

a 



Jr x^ J (x Sa\ So? 
f — T : = — y/ %ax " X — f- — H 
W^ax-aS" \2 2 7 2 

Ex. 3. r ^==j^a?-"'(«' + a?2)-^; 

in this case the index of x must be increased » that is, the 
inteflBfll must be made to depend upon j^.a?"'"^^ (a^ + ^p^)~^; 

.-. P= x'^^^y/a^ + a?S and we find the formula of 
;tion 




VO^H- ^"^ 



/• 1 ^ 1 V« + 

*^' ~oFy/WT^' "" "" (w - 1) a^ a'"-^ 

m - 2 r 1 

{m - 1) a^ h x^''^\/a^-{-(x^ 



^' 
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by this formula, when m is odd, we arrive at / . 

a known form ; when m is even, we have the integration 
completely effected by it. 

Til. -m + l, m .... 

In the latter case, ^ = , a negative integer,. 

and the expression might be integrated by Art. 19. 
Hence, making successively w=5, w=3, / 



= v^^T^ (-^, + ^) + ^ log, (-^^^— ) . 

n 

Ex. 4. f„ (a^ - <a7^)2 (7^ being odd). 

Here we must diminish the index of JT, and therefore 
connect the integral with f^ aP (a^ — x^)^ , and so shall arrive 
at ^ \/a^ - a?^ which is a known form ; assume therefore 

.-. d,P= (a' - xy'\ {(a' -^') - /i^'} 
= {a' - 0?')^^' {(a^ - 0?') + n (a' - ^') .- Tza'} 

= (tz + 1) (a' - 0?')^ - na' (a' - ^*)^"' ; 



n 

n-2 



» no /^2 _,2\S ^ ^2 n-2 

• • ir (a - a? ) = ;; + — }x KP' - ^ ) ' 



Hence, making successively w = 5, w = 3, 



.2 



0? (a^ - dfy + — -- a? (a"* - a?*)2 

o . 4 

, 5*3«1 1;, ill/ 



4 



^ 6 ^ ^6.4 

6.4.2 ^ ^ 6.4.2 a N^ 
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Ex. 5. 



i{a'^wy 



In this case we must increase the index of Xy that is, 
connect the integral with ji (a^ + a?^)~*+^, and so shall arrive 

at / -5 j; therefore, 

.-. 4P = (o' + 0?')- |(a' + ^2^ - 2 (n - 1) 0?'} 
= (a^ + w^y {(a^ + a?^) - 2 (w - 1) (a^ + a?^) + 2 (7^ - 1) a^} 
= - (2n - 3) (a^ + ^)-"+^ + (2w - 2) a^ (a^ + o?^)"" ; 

r 1 _ ,r^"'*+^ 2^-3 1 /• 1 

•' i (a^ + ai'Y " (2n - 2) a' "*" 2nj- 2 * ? X (a' + a?^-^ ' 

therefore, changing 7i successively into w — 1^ ?i •* 2, &c. 

X («' + wy-' ~ (2w-4)a^ "^ 2^^ * a^ X (a' + o?')""^ ' 
/• 1 a?^-"+* 271-7 I r 1 

till at last we come to 

X (a^ + a^y " 2a^ "*" 2 a^ 7, a^ + a?'* " 2a^ "^ ic? a' 

/> 1 .vX"""' 2n-3 a?Jr-«+^ 



/, (a^ + a?^)» (2/i-2)a^ 2/^-2 (2w - 4) a* 

(2n~3) (^n-B) wX'""-^^ (2w-3) (2?i-5)...3 a^JT"^ 

(2«i-2) (2n-4) * (2/1-6) a*"*" ^ "*'(2w-2) (2/i-4),.,4'2a*»-'* 

(2W-3) (27^-5)...3.1 1 ^^ a? 

"*" (2n-2) (271 -4). ..4. 2 a^«-^ a' 



I 
\ 
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We may reduce the more ffeneral intf /al / -r — ; =7- 



to the • above form ; for 



r 1 1 r 1 1 r 1 

- + - a? + jr 

, . 6 ^ ^ a V 4tac - 6^ 
making a? + — = «r, and a^ = 



2c c 4c* 4c* 



n-l 



Also r L__.i^ r /^. 

making % = \/a + ft,r, and a* = ^ . 

g 

Ex. 6. To make 
f, oT-^ {a + hafy depend upon Jt^ a?"-"-^ (a + fta?")?. 

Assume P = ^'"~* Jr'+^ • 
.-. d^P = a7«-"-» jr^ {(m - n) Jr + (p + 1) a?.w5j?»-'| 

« ^-•-i^j» {(m - w) (o + 6a?*) + (wp + n) 6a?"} 
= (m - w) aaf^'^'-^X^ + (m + wp) bar-^XP; 

a?"*-*Jr^+^ (m-n)a ^ 

.-. /, ^-^ jr^ = — - ; \^ /, ar--'XP, 

(m + ?ip) 6 {m-\- np) b "^ 
Similarly, to make 

Ji a?™~^ (a + bai^y depend upon jT j?»+'-^ (o + 6a?*y, 
the assumption is P = a?* JT'^^ and the result 



- , ,^ a?'"-X'^+^ (i» H- n + «») 6 - ^.. , ,, 



K 
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% 

Ex. 7. To make 
jta?""*(a + 6a?"y* depend upon ^a?*"*(o + fca?"y*"'. 

Assume P-a^X^^ 
= ar-^Xf'^ {mX-\^np ^{X^a)\ 

m-^np m + np 

Similarly, to make 

/,ar»-*(a + 6a?*y depend upon JT^"* (a + 60?")?+*, 

the assumption is P^w^X^*^^ and the result 

•' (P + 1) »« (jP + 1) »a 

56. This method fails when any of the coefficients 
become infinite. By inspecting the results in examples 6 
and 7 of the preceding article, we see that this will happen 
(1) when y=— 1, or the index of JST is —1, (2) when m=0, or the 

index of a? is -^ 1, and (S) when m -h wp = 0, or p = . 

n 

f — — , a rational fraction 

* a + ox 

already integrated. 

The second is / - (a + ft^")S (changing p into — , as the 



•J 



is / - (« + 6^)'* . (chanebff o into -, 



index must be fractionalf. which, by making a + 6^" = »', 
becomes / ^ _ ^ 



/^^ ^ '^ ^ 
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r' 



The third 



r 0?*"* r 1 
ird IS jf^ ^= jf^ ^, 

'(oh- 6^)» ' a? (a.r"* -f 6)» 
the same as the second ; make therefore aw'* -^-b^z''. 

Make 1 — /r"* = ar*, 



isr. 



Ex. 2. 



^, ^p (a + 



bai)i 



S (a + 6ir)i - a* a/F ^ 2 (o + 6^)i + a* 

~" 2at ^* a?4 at y/Tai 

57- We can also make f^a^'^ (a + bw*y depend upon 
an integral of the same form in which both the indices are 
altered; namely, that of w by the addition or subtraction 
of n^ and that of JT by the subtraction or addition of unity. 
For this, the simple application of the formula for integration 
by parts is sufficient. 

Thus, commencing the integration with the factor jp^""', 
f.ar-'^ (a + baf'Y = — . (a + ba^y - -J— ji^+»-i (a + ba^V''. 

When we commence the integration with the other factor, 
. it will be necessary to prepare the expression by writing it 
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•'• /,a»"-»(a + ftar")» 



r« 



(p + l)n6 (p + ljwfe-'' ^ ^ 

We observe that these formulae fail when m = 0, or p= -1, 
both which cases have already been considered. 



Ex. 1. 



(o + 6a^)»+ i 



Jx ^ 



r — ; 

therefore, commencing the integration with the factor —^ , 

J, of ~ («»-l)i»"-' »»-l ./. a^-* * 

H^'^X— ^i ^^^^ L—7—' 

and an integral similar to the last has been already found 
p. 30. 



^^- '• XoT^ 



(1 ^««)' 

,ffl-2 



-; s;^ — - ; therefore 

. (1 + ^)«-' 

1 
we must commence the integration with the factor 



Hi 

and consequently write the expression, ^"•"^ . -^; 



,(l+a7«)«" ■(2»-.2)(l+cr«)«-' ^ 2n - 2 •( (l + a^y-' ' 
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Hence making m = 4, 7* = 5, &c., 



r w^ I a^ 3 r ar^ 

Jr a?* 1 ij? 1 /• 1 



, /• 1 la? S a? 3 

and / = \- -I- - 

J^il+ai'y i. (1+ai^y S l-^a^^ S 



-1 



- -h - tan * a?, 



by Ex. 5. Art. 55. 



a? 



D 



Xa? 
^^ -^ is obtained. 

58. The method of assumptions is also applicable to the 
more general expression 

but in this case the integrals of three similar functions are 
connected. 

For, putting a + ha?" + ca?*" = JT, we have d, (a?' jr«) 

= a?'-'X«-» {rX+ ^a? (nhx""-' + gwca?^"-^} 

= cV'-^^«-i \r {a H- 6a?" + cay^") + g (w6a?" + 9,nca/^'') ] 

= r aa?*^-^ Jr«-' -h (r + nq) 6a?''+»-^X9-^ -h (r + 2^^) ca?''^^"-^^?-' ; 

hence, upon integrating, we have an integral of the form 
J],a?"*"^jr^ connected with two others in which the index of a? 
is increased or diminished, (that of X remaining unchanged) 
according as we consider ^of'^X^"^ or f^ of'"*'^*'^ X^~^ to be 
the proposed integi'al. 

Ex. 1. To make ^a?'"-"*^^ depend upon j^.i?"'-"-*jr^ and 



» **■■ 
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Assume P= cT^-^-X^+S 

^w-2»i-i jrp ijgjng ^jjg ^jjg Qf lowest dimensions of the functions 
whose integrals are to be connected; 

. d,P«a?— •->^P{(m-2»)^-l-(jtH-l)a?(»6a?»-^H-2»ca?^-')|, 



therefore, integrating, jia?"""^X^ = 



(m + 2w|?)c 



(m-2«)« j;^-.-.^, _ (^ - « + np) 6 ^^^■.■,^, 



(m + 2np) c ''* (m + 2np) c 

Ex. 2. To make f^'^X^ depend upon Jia?"+*~*^' and 

Assume P = af^JT^"^^, and the formula of the reduction is 
■' fwo ma "^ 

The formulae of the two preceding examples will always 
enable us to reduce fgoT (a + 6a? '\'Ca^y to ji (o + 6^ + c^y*, 
when m is a positive or. negative integer. 



Ex. 3. / == ; 

•'xVo + fcx + ca?^ 

y — and / - y , by 

VX J^ y/X 

assuming P^af^'^^X^ and the formula of reduction is 



-1 
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^»\/X mc m~cJsy/X 2m c J^^'x 

-. c ^ ^\/X a r ^ Sh r OB 
Let m = 2 ; .-. / — t= = , \ —p= / —-= 

wy/X a r \ Sb r%cx -^-h — b 

2c ^cJg^yx ^J* 2<y/^ 

wy/x 3b y—r fa Sb 



2c 4c* 



^^^- (i^ - y X;;;^ 



2c<r-36 /-- Afac-Sb^^ , , / 

-^— \/^+ — -^loge(2cj? + fe + 2Vc^). 

*^ 8c*vc 



r 1 

Ex. 4. / ^ . 



ca?* 



to make this depend upon / = — j=z. and / — j= 



assume P = /&""*"•" ^V\^ and the formula of reduction i 



IS 



V^ 2m-3fe 



/• 1 ^ y/ X ^m-Sb r 1 

•^*^'"\/X~ (m-l)aa?*""^ 2m - 9, a J ^lf^^-\/X 

m — 2cr 1 
m- 1 a Jxof^'^y/x' 



Make m = 3, 2, successively, and collect the results, 

y/X 
For the last integral, see Ex. 4. Art. 2?. 



/• 1 _^ \/X 3by/x (^_£\ r 1 



" «k 
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Ex. 5. / ; 






to make this depend upon / — |- , and / -^—^ 9 assume 
P^w^'^X'^^ and the formula of reduction is 

/• iT* af^'^ m-la rai^~'^ 2m - 3 b rJ?*""^ 

J^Xi" (m''2)cy/x' m-2c Js'Xi " Qm-^c J» X^ * 

_. r a^ a^ Za r o) Sh r a^ ^ 

Let m^S; ,. j^-^ = --^- - j-^- - f—. 

r 0^ \ rX-{a + hai) 1 r 1 a r 1 h r w 

""W^ST^cX xl 'cl:^'clxi'clxi'' 

r ^ _ ^ /2o 36^ /• a? 3b r 1 3ab r 1 

''jxXi^T^^' \7''2?) J:,xi''J^i^^'^~^ixi' 

Jg Xi Ja {aw~^ -H bx~^ + c)i 

_ /- r d« (2aa?"^ -1-6) 2 (2a -|- 6a?) 

"""^^^ J,{{2aw-''^bf+^aC''V\i^'' k^/x ' 

(Ex. 1. Art. 13.) making 4oc-6^=A?; also 

/• 1 _ /" r d,(2ca?-i-6) _^ 2(2ca7-|-6) 

X5^"*^^X{(2ca? + 6)«.h4ac-6«}i" k^'x ' 



/ 



a?^ a?^ ifttC-Slr 2a + baf 3ab2cw -^b 

+ zi • ;=- + 



3b r 1 
- 2? X y/x * 
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59. We can also make f^af^-^ (a + baf* + cai^'^y depend 
upon integrals in which both the indices are altered, viz., that 
of X diminished, and that of a? increased, by integrating by 
parts, which gives 

^ mm'' 

mm m '' 

or, since the integral in the second member 

m m 

the above formula may be replaced by 

^ m + 2np m + 2np 

m + ^np 

60. In the case where the index of X is to be increased, 
if we assume 

differentiate, and divide by af^'^X^^ the result will be of 
the form = a+3^ + 7^"H- 5a?^; hence, equating to the 
coefficients of the powers of ^, we shall have four simple 
equations for finding the four constants Ay jB, C, 2); their 
values will be found to be fractions whose numerators are 
respectively 

^ac-lfy "be, (wp+w)(ft^-4ac)-w(2ac-6^), {^pn-\-Sn+m)bCy 
and common denominator {np + n)(6^ — 4ac) a. 



•/r (a + boD^ -I- ca?*)^' 
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assuming jj^ ^ = j^^i + J j^^i y differentiating, 

and equating coefficients of like powers of w to determine the 
constants, we have, making k=iV ^ ^acy 

r 1 hca? -\' Q? -^ac)x (4p-5)6c r a? 



X^ 2aA?(p-l)^-* 2aA?(p-l) 
2A?(p- 1) -|-2ac-6'^ r 1 



+ 



f — - can 
be reduced to an integral of the form 

and, therefore, falls under Art. 48. c 

61. It n)ay be shewn, exactly las in Art. 58, that the 
general integral 

^^ar-"" (a -h 6a?* -h cc?'' + ... + too^y or ^.r""^^^ 

can be made to depend upon k others of the same form in 
which the index of oo is increased or diminished by w, 2w, &c. 
that of X remaining unchanged ; the quantity to be differen- 
tiated in each case, ud^X^'^^y or .r*""*" JT^i^, being formed by 
taking the one of lowest dimensions of the expressions whose 
integrals are to be connected and increasing each index by 
unity. Also by integrating by parts as in Art. 5% we can 
simultaneously diminish the index of X and increase that of x. 
When the index of -^ is to be increased, we must assume 

and proceeding as in the last Art. we shall have 2 A; simple 
equations to determine the 2 A; constants J, j8, &c. 
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SECTION V. 

EXPONENTIAL AND LOGARITHMIC FUNdTIONS. 



Art. 62. We next come to the consideration of j^u^ y 
where u involves exponential functions of <r ; the number of 
cases in which this integration can be completely effected is 
very limited. 

Since dx(«") = loge^a^d^t^, the fundamental formula is 

a** 
La^d^u = r + C ' 

a* 

Hence La' = , + C, and Le' ^e' Jr C. 

log, a 

63. If u =f(^a') be an algebraic function of a*, 

making a* = %, and ,\ d^w = — ; , 

srlogett 

we have fj(a') = .-i- /"-^ , 

log^aj* ^ . 

which is algebraio-with respect to x. 

/- 1 1 /• 1 ' 

Ex. 1. / / = 1 / — y ^ 



J 



- A> 



loge « -^ 'xAa/h^ log, a ^\/l+s?+l ^ 



- / 



^ = Tr:rT • loge (V«"* + 1 - V«^)- 



log, a 

-e^^ + 1 
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64. The expression efu can be integrated, whenever u 
can be split into the sum of two quantities, one of which is 
the differential coefficient of the other, for it is manifest that 



r ^^ ' _ C^i^ 1 \ _ ^ , 

J»(l + J?)*" J, \l+^ (l +^)V "" 1 +a?' 

•^r (1 - a?)\/l -d^jt 1 + 0? " (1 - 0?) 



2 






65. To integrate (fu^ u being an algebraic function of a;, 

Cass I. Let u be whole and rational. 

Integrating by parts, that is, making U = u, and d^V ^tfy 
in the formula /, Ud.V^UV^]^ Vd, U, we find 



^ logett loge©-'^ 



oS^ d u 1 

similarly, fg(al'd^u) = ^ — = — \-f»{pfdx^)y &c. 

- (fu a'dgU aS'd^u 

log, o (log, a)* Gog. «)' 

Ooge«)" Ooge«)" 
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Hence, when u is an integral and rational function of n 
dimensions, since dj^u is a constant quantity, a'u can be com- 
pletely integrated. 

Ex. fet^af. 

Here t^ = ^", .'. d,z^ = wa?*"^, &c., d/u = w(» - l)...3.2. 1; 

•^ Vlog,a (log, af (log^af 

w(n-l ...S.2.1\ 

66. Case II. Let u be fractional. 
Change U into a*, and d, V into w, anjfrf F into ^w ; 

.-. j;a'z* = arf,u - log^o^Co'jlit*), 
f»{(fi»u) = a'//t^ - log, a f, (a' fj^u)j &c., 

.-. ^a'w = a'/,t^ - logg a . a* j^^w + (log^ a)^ . a'^w - &c. 

+ (- 1)-^ aoge«r:'«'/x"^+ (- o* Goge«r./.(«'//«^). 



Ex. 



Jra' 



here w = a?"", Lu = , 

•■ X»» («-l)a;"-^ (»-l)(«-2)a^-* 



(»-l)(»-2)...2.L ./» a?* 



• / / 



a£ 



'' /» 
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a' 



67. The integral of — can only be obtained in a series, 

w 

thus, 

/ - = / -(1 + ^^ + ^ ^" ^ + &c.) 

Jx (c J»w\ 1 1.2 

^ 1 1.2.2 1.2.3.3 

68. We next come to the case of j^u^ where u involves 
logarithmic functions of the variable. 

Expressions of the form u log^ v (u and v being algebraic 
functions of x) may sometimes be integrated by parts ; thus 



f^ulog^v = log^v, f^u - X 



'X 

V 



Ex.1. f . ^^ = loge a?, y/a^ + a? - f -y/cFT^^ 

= loge^.\/a* + 0?* - 's/a^ + /!?'- aloge ( -====) , 

\a + V a* + oB^f 



^2 r2> 



Ex. 2. /,a? i/a^+o?^ . log^ f ^-^j = i (»'+ ^)* log^ f — ^iH 



(making c^ = a* + fe*). 

69. To integrate u (loggia?)'', u denoting an algebraic 
function of x. 

Let Lu = Uiy / — c= ^f2, / — = u^, &c. ; 

Jx X «/x X 
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4/ 

.-. /,« Ooge «)" = (loge a?)"«i - « i^ (Ipge a?)-'. — , 



r^ (log.ar)»-'= (logea»)-^'«, - (» - 1) /.aog« «')"-'« 5' *^''-' 
+ w(w- l)(logea?)""^t^-&c. + (-l)*n(w- l)...2.1w„+i. 



Ex. 1. ^a?"" (loge a?)" ; 



in this case u^ = 



w + 1 



^ra + l ^■♦■^ 

(m + 1) {pi + 1)' 

m -h 1 [ w + 1 
+ -7^ rf (loffe^r)"-* - &c. + (- IV. —^^-7 — ^—- > . 

A 

Ex.2. J^^"+»'; ^ 

this can be found only in an infinite series by expanding of'^ 
and then falls under the present case. 

f^af^.af^* - f^a/^ {l+wa?loge<r 

^ nW (loge d?)^ y^^l?^ (log, a^f ^^ . 
1.2 "*" 1.2.3 ^'^ 



n^ 






7*3 



1.2.3 



/,a?"'+3 (log^ ^y ^ ^^ 



+ loge ^ ~ 

+ 1 w + 2\^ m + 2/ 
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,2 ««+3 



n" ar*"* ( 2 2.1 \ 



1.2.3 m 



m+4 r ^ 



Q 9 S 2 1 1 

-; -r loffc 07 - 7-— — T.r H- &C' (by the precedinff example) 

(m + 4)* ® (m-i-4)'J "^ -^ '^ ^ ^ ^ 

^j|_l na? nV 1 

\m-hl (m -h 2)^ ^ (w + 3)3 " J 



nai^^^Xog^x \ 1 



i |m + 2 " (mTl)^ ^ (w -h 4)3 "" ^ J 



n* j?*+' (log^ a?)* [1 noD n^a^ 



1.2 



f 1 noB v?{jf \ 

\ :: ■ 7 7^ + 7 r; - &c. > + &c. 

\m + 3 (m + 4)* (w -h 5)' J 



70. To integrate u (log« a?)""". 
Let c2« (ud?) a t«, » dji (t^i^) =^ t^9 ^« (^^) = ^» &c. ; 

U<V 1 

jt«,(logc *)-+' = - ^ Cog. «)-"+* + ^ /,«.Oqg.»)-'+», &c. ; 



(„_1)(„_S)(«-S) 
I 
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Ex.1. /,.T?"(log,a?)-; 

in this case urn = a?""*"', 
,•• «j = (m+l)a?", i*s = (»»+l)*ir", &c. w,_j = (»»+l)"~'a?"; 



(w- l)(w -2)(w -3) 
"*" (n- l)(n-2)...2.l ^*loge 



•} 



.27 



f , ; 

this may be obtained in a series, by making 0?"*+* = c', 
.-. (m + 1) ^d, a? = c*, and (m + 1) log^ a^ z; 
r x^ ^ r ^ m + 1 rC* 

•^* loge 0? Jxm -\- I* « Jx % 

w'zj^^ 1.2 1.2.3 ^ 



«* i^ 



^^ 1.2* 1.2.3^ 

= C + log, Gog.^) + (*»+!) log.a? -h 1 gE^^'"^ + &C-^ 

including lege (m + 1) in the constant. 

If 9» =s— 1, both the preceding integrals can be expressed 
in finite terms. For 

. 1 f^lpl^^ log, (log, a,). 

J. a> log, IV J^ log,* *'^ ** 



H 
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SECTION VI. 



CIRCULAR FUNCTIONS. 



71. We proceed next to the integration of difierential 
coefficients involving circular functions of the variable. 

Since d« sin f« = cos ud^Uj d^ cos t^ = — sin udj,u, 
dj, tan u = (sec uy d^Uy d, cot w = — (cosec uY d^Uy 
d^sect^ = secf«tant^d«u, d^co^ecu^ — cosec u cot udgU^ 
integrating, we have the fundamental formulae, 

IgCOsudgU = sin u, 
fg sin udgU s= - cos Uj 

L (sec uY d^u = f . ' ^. = tan u, 
•^ Jg (cos uy 

L (cosec uY dgU = I . .' ,- = - cot w, 

•/,(sm«)* 

- , /-sin t^d^t^ 

L sec u tan f«a«t« = / -r -— = sec w, 

J, (cos^y 

- ^ , /-costtd^tt 

L cosec u cot t^a^t^ = / — r^ — — - = - cosec u. 

"' ^* (sinujf 

72. Hence, changing t« in the preceding formulae inta 
Xy mxy mw + a, we find 

fgCosw^smXj Jj^sinci? = — coso?, j(^ (sec a?)^ = tan a? ; 

Lcosmx = — Lcosmx . dg(mai) — — sin mo?; 
nh m 

J^sin (wi,i?+a) = -- /isin(iiiar + a)-d,(iii^+a)= cos (ma?+a). 



V-- 
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73. The following are cases of frequent occurrence, which 
are immediately reducible to logarithmic, or other known 
forms. 

r d^u ^ ^ d^u ^ ^ d,u 

Jgduu I . u u / u f u\^ 

j» 2 sm — cos — /, 2 tan — cos — | 

^lsec-1 d^u d,taxi — 

•I.—r« — /tif-'^HS- 



tan — tan — 

2 2 



d. 



/•_^ = /"Zlil!! = lo ltanf- + -U 



^ /• djg cos«i? 

ttani2?=— 1 = - log^(cosa?). 

Jx COS a? 



dg cos«i? 

's COS^ 

^ (tana?)^ = jT {(seca?)* - 1 } = tana? - oo. 

dg sinx 
sin 07 



J^ rdg sin J7 
i cota? = / — : = \oor. (sino?). 
•/- sin<a? ° 



r 1 rUecaif . . 

I __ / i_ - iQcr (tana?). 

Jg smx COS.J? J^ tana? 



Jr 1 /• (sin a?)* + (coso?)^ 

, (sin wy (coso?)^ Jte (sin a?)^ (cos a?)* 

•/* ((coso?) (sint-r) j 



/ 

/ 



} 
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I z ^ = L (seco?)^ . (seca?)* 

= ji{l + (tan,!?)*} . d, tan. 1?= tana? H-^ (tan j?)^ 

/ : — = / -r = / (cosec-J d, (-) =-cot-. 

^*ver8ina? /, / . ^\ ^* V 2/ \2J 2 

74. The expression 

(cosa')"(sinir)'" 

is immediately integrable, if either nt or n be a positive odd 
integer, or if the sum of m and w be a negative even integer. 

Let w = 2r + 1 ; make sina? = %, 
.•. fg (cosa?)*'+^ (sin^p)" = j^ 1 1 — (sino?)^}*" . (sino?)" . d, sino? 

Let iw = 2r + 1 ; make cos a? = «r, 
.-. J^ (cosa?)" (sina?)*''+^ = " jr (cosa?)" . { 1 - (cosa?)*}*" . d^cosw 

Let m + n = — 2r ; make tan 01^%, 

.'. j^ (cos<r)" (sina?)"" = f^ (tana?)*" (cosa?)"*"*"" = ji (tana?)" (seca?)^' 
= JT (tana?)* . (seca?)^'-^ ^ ^^ ^^na? = /, «?"• (l + S!?y-\ 

\ It is manifest that in each of these cases, upon expanding, 
the integration can be performed. 

This, of course, includes the integrals 
/,(sin.t')^-+S /,(cosa^)^'^+S A-r-^, f , \,^ > 



'iM^ J. 
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Ex. 1. -^ (sin 0?)^ (cos.!?)* 
= jT (sin a?)^ { 1 - (sin xfY^d^, sin a? 
= fg {(sin odf - 2 (sin a?)* + (sin o?)^} . d, sin os 

12 1 

= - (sin .2?)^ — (sin aif + - (sin xf, 
357 

^« (sina?y(cosa?) 



/• (sec 0?)^° r (seca?)®. d, tan a? r (1 + s^Y , . 
= i"(i^;r^ ^ X (tan ..r = y^-^e-, making tan 0.=^, 

14 1 

= — (tan 0?)"* — (tan o?)"^ - 6 (tan a?)"^ + 4 tan a? + - (tano?)^. 
5 3 3 

(making tan a? = ^) 

_ i8. + 1 

= fz {^'^ - izr""* + ar"-« - &c.), by division ; 

-, ^ (tana?)"*-^ (tano?)"*-^ (tano?)"*"^ ^ 

.-. /,(tan a?)«= -^^ '- -^^ '-— + ^^ ^ - &c., 

w — 1 m-3 m " 5 



m 



the last term being (-l)^.a? (meven). 



f»-i 



or(-l) ^ . logg (sec a?), (m odd). 

75. When none of the conditions of the last article are 
satisfied, the reduction of the integral 

ji (sin w)"^ (cos a^y^ 

may be eflFected in the same manner as that of JgW^'^^a-^-haf^y 
of which it is a particular case, for by making sin a? = ar it 



n-l 



becomes f^%'^{\ — ^) ^ . Now this last integral can be made 
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to depend upon another, in which the index of % or sin a^ is 
altered by 2, and the index of (l — «f^) by 1, and therefore 

that of V 1 —x^ or cos a? by 2. Hence the proposed integral 
can be made to depend upon another of the same form, in 
which one of the indices is altered by 2; and the quantity 
to be diflPerentiated will be of the form (sin ay (cos o?)^, obtained 
by taking the one of lower dimensions of the two expressions 
whose integrals are to be connected, and increasing each index 
by unity. If we had begun by substituting z for cos a?, the 
reasoning would have been precisely the same. 

Ex. 1. /j(sin^)"*, tn being an even integer. 

We must make it depend upon ^ (sin ar)"*"^ and therefore 
assume 

P = cos w (sin d?)"*"* ; 

.-. d,P=(sina?)"-^{(m-l) (coso?)' - (sino?)*} 

= (sin wy-^ {m - 1 - wi (sin a?)*} 

= (m - 1) (sin .v)"*-^ - m (sin a?)" ; 

r/' \m cosa?(sina?)'""* w-1 .,. 

.-. /, (sm a?)** = 5^ 1 — + f (sin a?)"-~'. 

m m 

Hence to find ji (sin o?)^, making m = 4, 2, 

' - , . .4 cos a? (sin 0?)^ « , 
/. (sm a.)* = ^ L + I y; (sin a;)^ 

;. , . .« coso? sino? , 
/* (sina?)^ = ^ + 1 ^; 

. r / ; \4 ^^^ ^ (^^^ ^)^ 3 cos 0? sin «r 3<r 
• • > vsi'^ se) + — , 

4 8 8 

Ex. 2. ^ (sin a?)* (cos <»)", m and n being even integers. 
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( To make this depend upon ^. (sin^?)*" (cos.j?)""^, 

Assume P = (sina?)*""*"^ (cosa?)""^; 
.•. djfP= (sin a?)" (cosa?)""**{(m + 1) (cosa?)^ - (n - 1) (sin a?)*} 
= (sin a?)"* (cosa?)""^ {(fn + n) (cos a?)* - (w -- 1)} 
= (m + n) (sin a?)"* (cos a?)" — (n - 1) (sin a?)" (cosa?)"""^; 

.-. J], (sin a?)"* (cos a?)" 



(sina?)"'+^ (cosa?)""^ n-1 ^ ^ . , , 
= ' ^ + L (sm a?)"* (cos a?) 

Hence changing n into n - 2, n - 4, &c. 

fg (sin a?)"* (cos a?)* 



n-2 



in-2 



(sma?)*"*^ (cosa?)"-^ w-3 .,. , , . . « 

= -^^ ^ ^— + X (sin ^T (cosa?y-S &c. ; 

w + w-2 w + w-2-'^ ^^ ^ 

till at last, since n is even, we come to 

r y ' v« ,' xe (sin a?)"*"*"* cos a? 1 /. , . v 
f, (sm a?)- (cos a?)^ = i ^ + L (sm a?)*" ; 

m + 2 w»+2 

therefore, collecting the results, 

r ^ ' x« i- ^« Vsina?)"*^^ ,^ ^ , (^ - 1) (co^^)"'^ 
L (sma?)« (cosa?)» = ^ ^ Ucosa?)—^ + ^^ ^ ^ — 

(n^ i) (n-3) ^ x« . c ^ 

+ 7 ^^ TT ' r (cos xY'' + &c.} 

(m + n - 2) (m + w - 4) ^ 

(n-1) (n-3),..3.1 

+ T V ^ ^;: :^ r • L (sm a?)*" ; 

(w + w) (w + w-2)...(m + 2) -^ ^ 

and ji(sina?)'" is known from Ex. I, 
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Ex. 3. f , n being an odd integer. 

•/, (cos wy 

To make this depend upon j^(co8a?)""'*'^ 
assume P = sina?(coSi»)""'*"S and we find 

/ 7 ^=sina?{^^ ^ +^ ^-7 — i— -+&C.J 

•/, (cos^)" \ n-l (w-l)(w-3) j 

(n-1) (n-3)...4.2 ^ \ \4 2/j 



76. We can also make fg (sin a?)"* (cos d?)" depend upon an 
integral of the same form in which both the indices are altered. 
For, integrating by parts, 

fg (sin a?)"* (cos a?)" = ^ (sin a?)*" (cos o?)""^ rf, sin «2? 

(sina?)"'+' (cos a?)"-' n-1 - . . . . , ^„ . 
m + 1 w + 1 



Ex. /i^ 



Jr ^COS 0?/ 
X (sin 0?)' 



1 (coso?)* 5 (cosa?V 5 . 5 

= — -r-z — -^ + - - — : 1- - COS a? sm tt? + - a?. 

3 (smo?)^ 3 sintV 2 2 

77* The integrals j[^ (cos a?)", ji (sin ct)", may also be 
obtained by substituting for the powers of coso^ and sino^, 
their values in terms of the simple dimensions of sines or 
cosines of multiple angles. Thus, 

2""^ (cos a?)" = cos »a? H- n cos (n -2) of + cos (n - 4) ,r + &c. 
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.-. /,(cosa?) =^jm |- 






n w — 2 



+ — ^— --^ ^ ^^— +&C 

1.2 n-4 



■}= 



11 1.1 l,3.5...(n- 1) 

the last term being -^ ■ i <r, (n even), 

2* 1.2.3...- 

2 

nyn — 1)... 

1 2 . 

*iiid —— - ■ sin a?, {n odd). 

2 

Similarly, may J^ (sin a?)" be found from the series 

/ xS « 1 / • xn • V W-T/i— l) 

(—1) 2 * (sm a*) =cos nx—n cos (w-2) a?H- — ^^ cos (7^-4) /p 

■I- • /C 



^_^^tn(«-l)...g+l) 



+ &c. + — = — —————_« (tj even) ; 

2 



n— 1 ^ V 

and(-l) * 2""^(sina?)"=sinna?-wsin(w-.2)a?+ "" sin(n-4)a? 



n-i w(w-l).-. 



2 



+ &c. + (- 1) . — -— — — i— sin a?, (w odd). 

w — 1 



2 
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Ex. 1. t (cos 0?)* = — sin 4a? + - sin 2a? + - a?. 

•^ ^ 32 4 8 



113 
Ex. 2* ' L (sin ar)* « — sin 4a? — sin 2a? + - a?. 

N 



/ 



98 

78. To integrate 

sin mw cos nw, sin mw sin nw, cos mx cos n<r. 

Since sin mx cosn^ = -J {sin (m + n) ^p + sin (m - n) w}j 

- f cos (m -\-n) w cos (m — w) ^p] 

.'. L sin 911^7 cosn^sr — il ^-4. \ + c. 

•^ *[m + w m —n } 

Also, sin m^ sin n^ = -^ {cos (m — n)w — cos (m + ^) ^v}, 

- . . , f sin (m — n)x sin (m + n) ^l ., 

.'. JL sm mw sinnass ^ { — ^ . ^ > + C 

^ [ m-n m+n } 

«. ., , f T fsin(m + n)a? sin(m-w)a?l 

Similarly, L cosmos cos n^ = -*^< ^ — + ^ ^— > • 

^ [ m-^ n m^n ] 

In the same manner, may the product of any number 
of the sines and cosines of multiples of an angle be in- 
tegrated. 

79. Expressions like the above may also be integrated by 
parts; and the result so obtained appears under a somewhat 
simpler form. Thus, in the general formula, make 

U = cos {nw + /3), dgV ^ cos {mw + a) ; 



.-. jg COS {mw + a) cos {nw + /3) = — sin {mw + a) cos {nw + /3) 

m 

+ — t sin {mw + a) sin {nw + /3) ; 
m 

similarly, jisin(iwa?4-a)sin(na? + /3)= cos(iiia?+a)sin(na7+/3) 

+ — £ cos (wo? + a) cos(n<r + i3); 
III '^^ 
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Hence^ substituting and transposing. 



(l 5)jtcos(wa? + a)cos(»a7 + /3) 

V wi / 

1 fh 

= — sin (ma? + a) cos(nw + /3) ; cos (mof + a) sin (nw + j8), 

fn m 

or fg cos (ma? + a) cos (nw + /3) 

m sin (f»a? + a) cos (nw + /3) - n cos (ma? + g) sin (nw + /3) 



m* — n* 



1 

80. To integrate . 

° a + ocoso? 



Jxa-k-h 



coso? 



X a{(cos|)% (sin Q] + 6|(cos|)''-(sin^)] 



- (sec- J - c2«(tan-| 



a + 6 + (a — 6) f tan ^j 'a + 6+(a-6)j tan - J 



2 

tan 



v/a* - V" 



-(tan^V^Vifa>6. 
V 2 ^ a+6/ 



c2«ftan-j 

But if a < 6, r i = 2/- ^ ^^ 

Jga + h cos a? J, 



6 + a - (6 — o) f tan - J 



(\/6 + a + tan - \/6 — a' 
y/b+~a - tan - \/ft - a> 
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81. To integrate 



a+ ^sin^r 



f L_= f i 

J^a + b sin w I {( a?\* /. ^\*) . . or w 
oj^sec-j d,(atan- + 6) 

= / ^ =2 / ——————— 

^'a^^a^ /tan -) + 2o6 tan - *'' a* - &* + (atan- + by 



2 

tan" 



\/a«-6« 



(atan- + &\ 
J Jyif a>b. 



But if a < 6, /" — ^ — = 2 / — - 



a, (o tan - + o) 



(atan- + 6)«-(ft*-a*) 



, /o tan - + 6 — vfi" -r a*\ 
\a tan - + 6 + v W - a^^ 



Vb 

\atan 

2 



Also / : = f -, 

Jsa + b cos <r + csin^ Jsa + e cos (^ — a) 

(if e = \/V ^ c? and tana = -), and therefore falls under the 
preceding form. 

82. To integrate 7 r-. 
® (a + &cosa?)* 

If we make a-i- bcosw - «y the proposed integral is trans- 

/l 
J , a formula of reduction 

for which can be obtained (Art. 58.) by differentiating 
i»"-"+^ Vfc'- (x - aY or sintr(oH-6cosa?)"*'*"'. 
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Hence, replacing z by X^ 

d,(sina?^-»+*) = ^-" {JTcosa? + (» - 1)6 (sina?)^} 

= {Xb cosa? + (» - (6^ - (6 cosa?)^)} ; 

and eliminating 6 cos w from the quantity within brackets by 
the equation 6 cos w ^ X — a^ we find 

d,(sina?^-«+^)= ^* {^(^-a) + (w-l)ft«- (»-l)(^-a)«} 

6 
therefore, integrating and transposing, 

Jr \ — 6 sin ^p 

JX^^ (»-l)(a«-6*)^»-i 

(2n-S)a r 1 w-2 /• 1 

When 7^ is a positive integer, by means of this formula of 
reduction, the integral may be made to depend upon the 

known form / ; . 

Jxa-^h cos X 



b cos Off) 



Ex. fj 

Jx (a + 

sm w 
Here the quantity to be differentiated is -— ; and we find 

Jr 1 1 f — & sina? 2a i / a. /^— ^ ^\) 

83. Hence also we can find 

Jr di + bi cos 0? /• ai 4- &! sin 0? 

* (o + & cos a?)" ' Jx (a + b cos a?)" ' 
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^ 



biU &| 



. » /"^i 7- + — (« + 6 COS a?) 

For r^llh^^ ^ I b b' 

Jt (a + b COB a)' *' (a + bcoax)' 

f ^ + h /•__J__; 

•/jr (a 4- 6 COS a?)* 6 */« (a + 6 cos ^)*"* * 



60i — o6| 



, /• Oi + Oi sin ^r /* 6| sin ^ r 1 

and / 7 = / H ^1 / 

•/« (a + 6 cos a?)* */« (a + 6 cos w)* Jg{a^b cos ^)* 

(» — 1) 6 (a 4- & cos 4?)*"^ J# (a + 6 cos a?)" 

84. To integrate e^ sin wa?, c"* cosfi»^. 
These are easily integrated by parts, thus, 

Lef^ hinmw = - c^ sm mx Lef^ cos mo? 

'!.... a a 

1 m (I w* ^ ^ . \ 

= - e^'smfwd? |-e"'cosm^p + — Le^ sin ma? I ; 

(fn\ - _ asinma? — mcosf7»a? 



e*** sin ma? = c^ 



' ^2 



a sm mo? - m cos mo? 

or L^ sm ma? = 6*** 1 1 

^ mr + a 



. a cos moD + m sm mai 
Similarly, Le*** cos ma? = 6*^ r . 

m H- a 

Hence also we can integrate 
6"' sin ma? cos wa? = e*". ^ { sin (m + w) a? + sin (m - n) a?} . 

86. To integrate ^'"(sina?)", c^'(cosa?)". 
The integrals of these may be made to depend upon 
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/,e«' (sin cr)"-S and f,e'"' (coswY'^ 
by integration by parts; thus, 

1 fi 

Le^ (sin ofY^^-^ (sin ai)* te^ (sin a?)""' cos a ; 

a a 



but Le^* (sin a?)" " ^ cos a? = — (sin a?)" " * cos a? 



f^^^* { (n- 1) (sin w)*'^ (cos a?)* — (sin a?)" | , 

CI 

e"' 1 

— (sin a?)""^ cos d? — f^e*" \ (n- 1) (sin a?)""* - n (sin a?)*} ; 



.-. /,e"'(sina7)" = -6"'(sincr)" - — c'*'(sina?)»-^cosar 

a a 

Cv cz 

caxr- \n as/' .„_i (osino? - n coso?) 

or Le (sinwy^e (smai)" * r 

n + a 

Similarly, /.e"(cos^)» = e"(co8^)-^^^e!|±^^^ 



w^H- a* 






L^' 



f 86. The two integrals of the preceding article may also 

be obtained, by substituting for (cos a?)" and (sin<27)", their 
developments in sines and cosines of multiple angles, according 
to the formulae of Art. 77. 
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\ 



Hence the general term of ^c"'(cos«r)'', is 
1 w(n- 1) ... (»-r + 1) - ., 



m-l 



1 •<««0«.«..a# 



C" 



_ . , 1 »(»- 1) ... (w-r + 1) 
which = -;^ — ^ ^^ X 

a cos (w — 2r) w ^ (n — 2r) sin (» - 2r) a? 



a* 4- (n -2r)* 



and to obtain all the terms. Or) must be taken from to — , 

when w is even, and to • when n is odd. 

' 2 



( 87- It may be observed that all functions of sin^ and 
]' cos^r, may be converted into exponential functions, by putting 

for those quantities their exponential values, viz. 

(e»VrT . e-»V3T J ^ and ^ (e'^^ + e— >^^). 



2a/~1 



By this transformation, some expressions may be readily 
integrated. 

Ex. jie'^sinfna? = — ^==j^(c(«+"»'^^^' - cCfl-'-V^)') 
2 V- 1 \a + fn v^- 1 o - fw \/- 1/ 

/C"' (o sinmtV — w cosm<r) 



.** 
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i 

88. To obtain the integral of ^"'(sina?)" (cosa?)*", we must 
endeavour to express (sin a?)* (cos a?)"*, by simple dimensions of 
cosines or sines of multiples of w, 

Ex. f^e' (sin a?)* (cos w)* ; 
let « cos zr = » + «"*, 

.-. (2 y/^ sina?)* (2 cosa?)^ = (« - «"*)* (« + sf"*)^ 

.-. 2® (sina?)* (cosa?)* = sin7a? - 3 sin Bw + sin Sa? + 5sina? ; 
and the proposed expression is transformed into 

— (sin 7a? - 3 sin 5a7 + sin Sa? + 5 sin a?), 

2* 

each term of which is integrable by Art. 84. 

89. All such expressions as^ttsin"*^?, J^wtan"*t?, &c. ^^ 
where u and v represent functions of a?, must be integrated by 
parts. 

JbiX. 1. JgU sin^v^ sin 'oj^u- . =. 

•^* V 1 — tj'^ 

„ /• sin"^a? a? sin"* a? , / 

4 a?*+* 1 /- a?"+* 
and L of sin^^a? = sin"* a? / . . 

Ex. 2. ^t« tan~'v = tan-^t^ f^u - / ^. 

o 
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Hence r ^ ^""'^ . tan--^:r T-^- T (-i- T-^l 






= tan"^ a? (j? - tan"^ ^) " f i (^ " ^^"^ ^) 



^— - . j = tan"* a? (a? - tan~* a?) - log^ y/l -^ a^ + ^ (tan"* a?)* 

= tan" * J? (a? - ^ tan~* a?) - log^ \/l +a^. 

Also Xr tan"* \/ - = (a? + o) tan~* \/ voa?. 







90. In like manner the expressions of* cos a?, a?" sin <r, 
must be integrated by parts. 

Ex. 1. ^a?^ cosa? = ci?^ sina? -2 ^a? sino? 
= a?^ sina? — 2 (—a? cos a? + sin a?) = a?* sin a? + 2 a? cos a? - 2 sin a?. 

And generally 

fgoi^ cosa? = sin a? \a/^ — n (n -l) a?*"* + n...(n -3) a?*"* — &c.} 

+ cosa? {w.r"~* - n (n - 1) (« -2)a?""' + w...(« - 4) a?""* - &c.}. 

Ex. 2. ^ a?' sin a? = — a?^ cos a? + 3 a?^ sin a? + 6a? cos a? — 6 sin a?. 

And generally 
j^a?" sin a? = - cos a? {a?" -n(n - l)a7""^ + w... (n - 3) a?""* - &c.} 

+ sina?{na?'*-*- n(n-l) (n - 2)a?"-' + n...(w - 4) a?*"* - &c.}, 
the last terms of the series within the brackets being 



n 



(- lyn^n- 1).. .3.2.1, and - (- iyn(n - l)...3.2a7, n even; 
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n— 1 n— 1 

and (-1) 2 n(w-l)...3.2a?, and (-1) « n(n-l)...3.2.1, wodd. 
If n be negative, we have 



^a?"" sinzj? = - 



0? ""^"^ sin^ x~^^^ co^cD 



n - 1 (n - l) (w - 2) 



(w -1) (w - 2) (w - 3) 



the last term involving / , or / , which can be 

integrated only in infinite series by expanding sin x and cos cV. 

91. The following integrals may be reduced to those in 
the preceding article. 

1. j^(sin"^a?)", by making sin""^a? = ;»; for it becomes 

j^ (sin"^ xyd^x = ^ «" cos %. 

• 

2. Jx ^* (cos a?)"*, and f^ x* (sin x)^^ by substituting for 
(cos.r)'" and (sin a?)"* their developments in simple dimensions 
of the sines and cosines of multiples of x ; for then each term 
will be of the form, aa?* cos rx^ or ax^ sin ro?. 

Ex. fg a^ (cos xf -\ ^x^ (cos So? -i- 3 cos x) 

= — ^ i^^Y cos 3 xd^ (3a?) 4- I /, 0?^ cos x 

1 

= — k{^xY sin3<a7 -f 2 . 3a?. cosStj? - 2 sin 30?} 
108 ^^ ^ ^ 

-H ^ (a?* sin cT -H 2tP cos a? - 2 sin a?). ^ 



\ 



\ 
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w* sin'"*.'!? 



X3B sin tr , _ . . , i. . 1 1. 

— y , by making 8in"*a? = »; for it then be- 

- V 1 - a?* 

comes j^a?* 8in'*a?d,(8in~*a7) = jC(8in«)*.», and so is reduced 

to the preceding case. 

92. The following integrals, involving circular functions, 
deserve notice, as several of them occur in the application 
^ of Mathematics to Natural Philosophy. 

J a a (cos a?)* + 5 (sin xy 

r d^tana? 1 , / A\ 

= / TT ri = — 7=tan-Wtana? V ^1 . 

•/, a + 5 (tan a?)* y/^ \ ^ J 

Jc 1 ^ 1 /•^,— asina? + 5 cos x ^ 
' U --i— li {^' IT-' +^} 
»a + b tan a? a^ + b^ J» ^ a cos a? + 6 sm a? 

= —5 — - {b logc (a cos a? + 6 sin a?) + ax] . 

/•_J 

Jxa ^-b (sin a?)* 
/• -d-cota? , 1 , (cotxy/a\ 

=5 / * ^ — — cot" I . — I . 

•/r a + 6 + o (cot a?)' v^a* + ab \ v^a ^- 5 ^ 

Jr sin a? (cosa?)* 1 rsina? {l + c* (cos a?)* — l} 
* 1 + c* (cos xy (? Jx 1 + c* (cos a?)^ 



1 /• / . 0, cos a? \ cos X I , , . 
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r (cos aif 1 r cos a? { 1 - 1 + c^ (cos wy\ 

Jte\ - (? (cos ivY ~ C* ^x \ - (? (cos x)^ 

\ r\ d, sin a? 1 

= — 1 < s — COS X > 

cW. ll - c* + c^ (sin a?)* J 

1 / c sin a; \ sin ^ 



tan <r /• sin 0? 



r lan <r /• sin x 

J*\/a + 6 (tan aif •'^ ^/a (cos a?)* + h (sin a?) 



- d, (\/5 -a . cos a?) 



1 r -dx I V ft - o . cos a? 

\/fe - a '^* \/6 — (6 — a) (cos d?) 



1 _j /\/ft - acosa?\ 



— y i;ua I y=- 



r 1 y ^^ r a + b (sin a?)^ 

7. / ^ x/a + 6 (sin j?)^ = /-^ , ^ ^ 

Jt sin X Jx sm a? y/a + 6 (sin a?)^ 

I* ( a 6 sin 0? 1 

•/^ I (sin xy y/a (cosec a?)^ + b \/a + 6 (sin a?)^j 

/•r ad, cot 07 bdjp cos X 1 

•^* \ -x/a + 6 + a (cot xy y/a + b -b (cos a?)^j 

= - \/a logc {V» cot <r + \/a (cosec ^)^ + 6} 

A" _i/a/^cos^\ 
+ vocos ^ I — I . 



93. There are several algebraic expressions, which are 
conveniently integrated by the introduction of circular func- 
tions. 



». 



> f 



■.r 
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1. 



f I 



/a, tan~^ - 
6 ^ 1 r 1 . <a? 

- \/a^ H- 0?* " ^ -4 v^a« + fe« (tan «)2 ^ = ta»^«^) 



c2x sin i^r 



1 /• d, 81 



6«)(sin»)» by/^^Z^ 

1 . ., (xy/a^^W 



1 . , /sini8fv^a*-5^> 
= sm~* ' 



/sini8f Va -"\ 



by/^zr^ 






V^ 



2. / j:^ — = / y - »■: =— / tan- (if/p=cosi8r) 



f{l - (sec -) > = ;8r-2tan- = cos-*d?-2 \/ ^. 



Ill 



SECTION VII. 

INTEGRATION BETWEEN LIMITS^ AND BY INFINITE SERIES. 



Art. 94. When a proposed function cannot be integrated / 
by any of the preceding methods, it must be developed in an*^ V. 
infinite series, and each term separately integrated. Integration 
by series is of great importance, because the integrals which 
arise in the application of mathematics to the diflferent branches 
of Natural Philosophy can frequently be obtained only by this 
process. Moreover they are usually required not in the state 
in which we have hitherto obtained them, where the variable 
and constant remain undetermined, but between limits: that 
is, the value of ^ «^ is required when w = hy under the condition 
that its value, corresponding to a? = a, shall be 0, or a given 
quantity; in other words it is the difference of the values 
assumed by the integral, when for the variable two particular 
values are successively substituted, that is generally wanted; 
in taking this diflference the arbitrary constant disappears, and 
a result is obtained in which no part is undetermined. 

96. Hence, it will first be necessary to explain the method 
of correcting integrals, and of finding the values of definite 
integrals or integrals taken between given limits. 

It has already been stated that an arbitrary constant must 
be added to every integral to make it complete; and it is 
often convenient to give the constant the same form, as the 
expression to which it is annexed, by which means the result is 
simplified; thus 

/*-= n log, CD -n log, c = n log, - = log, (- ) . 

' 5 = tan *a7-f tan'^c = tan ^ . 

, 1 + .IT 1 - <rc 
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It was also shewn how the value of the annexed constant 
might be determined, when corresponding values of the integral, 
and of the variable a?, were known. This may be made clearer 
by the following illustration. 

If A represent the area of a curve, contained by the arc, 
the ordinates at its extremities, and the intercepted portion of 
the axis of ^, it is proved in the Differential Calculus that 
dxA = y. 

Now let y =f(tv) be the equation to the curve BQj Fig. 1. 
where AM = a?, MQ = y, 

.'. the area = fsf{^) = <p (^) + C, suppose. 

But if the area PNMQ be required, commencing with the 
fixed ordinate PN for which AN = a, then when a? = AN ^ a, 
QM coincides with PJV, and the area vanishes, 

.-. = ^ (a) + C, or C = -(p (a) ; 

.*. area PNMQ = (p (a?) - (a) ; 

and if AS «= 6, area PNSR = 9 (6) - (a). 

The expression for the area PNMQ is a corrected integral, 
that for the area PNSR a definite integral, and the expression 
<j)tV + C an indefinite or general integral. 

96. The quantity we have expressed by <j) (a) may other- 
wise be expressed by f^^af^^ ^^^ ^^ ^^ ^^ notation we shall 
employ. 

Hence X^^t^ denotes what the integral of u with respect 
to X becomes, when in it a is substituted for x ; and 

(as we shall in future write it) denotes the value /(a, b) 
assumed by J^w, when in it b is substituted for a?, the condition 
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that it vanishes when oc = a^ having been previously introduced 
in determining the constant ; it is called the definite integral 
of u between the limits a? = a, a? = 6 ; and a and h are called 
respectively the inferior and superior limits. Since every 
function of x may be supposed to represent the ordinate of a 
curve, the problem of finding f^u between the limits w = a^ 
Of — b, amounts to nothing more, than to find the area of such a 
curve included between the ordinates corresponding to <» = a, 
a? = 6. 

The sign of definite integration employed by Fourier 
and other writers is / , the superior limit being placed 
uppermost. 

97. On account of its great importance, we shall illustrate 
this matter still more particularly, by supposing the curve 
in Art. 95 to be a circle, and the origin of the co-ordinates in 
its center; 



CN^x, PN=y, CB=a,Yig.2; r. y ^y/a^ - x^ \ 

.', area = L \/d^ — o?^ = - \/ d^ — .r^ H sin~^ - + C. 

Now if the area of the portion BCNP be required, that is, if 
the integral vanishes when x = 0, since the quantity 



a^ . . X 



X J „ 

- \/ d^ — .r^ H sin "^ - 

2 2 a 

also vanishes in that case, the above equation becomes 

^ = + C, .-. C = 0; 

.-. area BCNP = - \/d^ - x^ -+- — sin"^ ~ . 

2 2 a 

Hence, making ^ = a, the area of the quadrant BCA 

d^ . , a TT ira 



= — sin"^ 1 = = 



2 224' 
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that is, the definite integral of \/flr" - c^ between the limits 



.1=0, ci=a, or (X = «-X = o)V^«'-^ 



TTfl* 



Hence we see the diflTerence between a definite, and a cor- 

rected integral ; for from the expression , it is impossible 

4 

to discover fully how x entered into the function from which 
it was deduced; and, as we shall see, it might have arisen 
from integrating several other functions; whereas the inde- 
finite, but corrected integral, 

- V a^ - A"^ + — sin * - , 
2 2 a 

by differentiation re-produces the differential coefficient 

\/ a- - a*^, and by its form merely implies that a? = is its 

origin, and is still available to find the expression for any area 

contained between parallel ordinates of which BC is one ; thus, 

a 
if we suppose «r = - , 

area = h — = — -f tt 



a a\/ "6 a' IT a iS^/ 
4 2 2 6 12 V ^ 



98. When the general value of an integral can be ob- 
tained, its value between any required limits can of course be 
deduced. But there are many integrals whose values between 
particular limits can be obtained in finite terms, although not 
their general values by any known method. We shall first 
give some instances of deducing the value of the definite in- 
tegral from the indefinite one, and afterwards exemplify the 
other case. 

We may here mention that, in definite integrals, the sign 
of the result is changed by changing the order of the limits ; 
for if 

^L t- L =«) " = ('^ ^)' ^'>^^" U-a " Li) w = - («, by 
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* 

Ex. 1. To find the value of j^o?"'"* between the limits 
«i? = 0, 0?= 1. 

The general integral is JgOf^'^ = h C; 

therefore, making successively <r=:l, 0^ = 0, and subtracting 
the results, 

Ex. 2. To find the value of J^e'^'sinmo? from «r = to 

0? = 00 . 

The general integral is 

asinm«r + n>cosm<r 



f^e"^' sinmw = C - e 



— fl* 



iii^ + a* 



therefore, making <i? = oo , a? = 0, and subtracting the results, 

m 



CC=«-/x=o)«"'"sinnia? = 



m^ + a* 



Ex. 3. To find the value of f, (sin a;)* between the limits 
tT = 0, at = ^TTy n being a positive integer. 

The formula of reduction for j^ (sin a?)* is 
fg (sin 0?)" = cos a? (sin a?)""* h —f, (sin a?)**"*, 

in which, if we make successively a? = -^tt, o? = 0, and subtract 
the results, since the integrated part vanishes by both sub- 
stitutions, we find 

- (/,=r - /,=o) («n ^r = ^ (X ^- - /.=o) (sin ^)»-; 
change n into w - 2, t* - 4, &c. successively. 
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2 n — z 2 



till, if n be even, we come to 

(/,=3-/,=o)(8in^)* = ia=I-/.=.)l-=i-^ 

2 2 * 

therefore, multiplying all these equations together and striking 
• out the factors common to both sides, we have, n being even, 

rr r \/- N« (^-l)(w-3)...S.l TT 

a=z:-/x^o)(smcr)»== „/\. \^ — ^' 

If n be odd, the last integral will be 

2 2 

(J.=Z - X=o) (sin ^y = - (X=I - X=o) sin Of = - ; 

2 3 2 3 

8 n{n — 2) ,,,5 . 3 

These results ought to be retained in the memory, as 

a=2r -/,=«) (sin •t')" 



2 



is a definite integral which is often met with, and one to which 
several others may be conveniently reduced. 

Thus j^ (cos .r)" = — ^ (sin %)*% making a? = %; 

••(X=--/r=o)(cos.r)'' = -(X^o-J,=l)(sin^)"=(X=2[-/z=o)(sin^)% 



'' ;? 



TT 

since when ,r = 0, ^r = — , and i/^ben .r = i tt, ;?? = ; 

2 

that is, the value of j^(cos,r)" between the limits tr=0, tt? = ~, 
is the same as that of t (sin .r)" between the same limits. 






'/^Jl^* 



^. 



^ ^ 



'"/ 



s. A y^ 1^ ^ 



^^ 






A 



- X 



y& -^s-^ 



/ /r--/ . 



-- ^ A 








^ — / 



-i ,/^T 



«- « 






* «^ 



^ -^* 



A 



*>- -z 






^-^.* 




A*- 



/ ^'i 





■^ ^ A,0 



Cff-jj(*i-i^ 




3. / '^ 
^ 



^ y/t-x-^ 






^^c. ^'^^^ 



^ ^#,. «) . . ^; ' 2 




A^A 



_ 'Z 



1. '> 



- -f^^^J^ 












. 4. * 



<r 'S 



2^/-/ 
^>^ 



\ 




T^ 



a^ 



f —J between the limits 

cX? = 0, Of = a, n being a positive integer. 



This definite integral might be obtained by means of 
it? formula of reduction, as in Ex. 3. ; but it may be reduced 

at once to that integral by putting - = sin is, when it becomes 

a 

«"0:=r-/.=o)(s'n«^)% 

since a? = when « = 0, and a? = a when «f = — . Hence chang- 

2 

ing n into 2r + 1, and 2r, according as it is odd or even, 

' (f -f X ^'^' ,«... 2r(gr-2)...4.2 

^■''='' •''="■' V^T^ " (2r + l)(2r-l)...5.s' 



I 



^'='' •''=''' V'^r;^ 2r(2r-2)...4.2 2* 

Ex. 5. To find the value or / -;— -— between the ^ ^ 

imits a? = 0, ar = » , n being a positive integer. / 



tl? 

Putting - = cot «, this becomes 



a 2 



since a7 = 0, « = — ,tr = oo,j3f = are corresponding values ; 

2 

1 1 (2yi-3)(2n -5)...l TT 
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3D 

Similarly, by putting - = vers ar, we find 

a 

a=a 7,=o)(2«'^ of) *-a . (2„+2)(2n) ...2 s' 

Ex. 6. To find the value of f, (sin •r)" (cos «r)* between the 
limits J? « 0, J? = — ; »i and n being even integers. 

By the formula of reduction Ex. 2. Art. 75, we have 

(/,=I-ii=o)(8in^)"(<^8^)" = ;^T:-(/x=:^-/x=o)(sin 

&c. = &c., 

changing successively n into n — 2, n — 4, &c.; till at last 
we come to 

d^Z -ii=o)(sin^r (cos^)* = ——a (/x=2r - /,=o) (sin ^)- ; 

therefore, multiplying all these equations together, 

(n -1)(»-3)...3.1 



(/,= --/,=o)(sin«i?)-(cos*)- = 



(m + n) (m + n -2)...(m + 2) 
(n - l)(ii -3)...3.1 (ill - l)(m -3)...3.1 tt 



'4 



(m +«)(!•• + n- 2). ..(lii + 2) iii(iii - 2)...-*.2 2 

(» — !)(#•— 3). ..3.1 X (lil — l)(iil -3). ..3.1 X 
(» + »)(!•• + 11 -2). ..2.1 2 * 

Ex.7. Tofindthe rdueof (^i^^, - (^.^)ar flog^-j , m 
and w being any positiTe quantities. 
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Integrating by parts, the formula of reduction is 

Z,^" log,- =— — log,- + -fs^i^og,-] ; 

now the integrated part, which depends upon 

('-i)'-a)"' 

V^'^ -H{l + (m+l)log,^ + &a 

1 .2.3..,(n + l) V ^»/ ^ 

manifestly vanishes at both limits, 



or 



••• a-, -/,=.)-- (iog.i)"=^a=.-/,=o)-- (log. ^)" . 

By this formula when 9^ is a fraction, the proposed integral 
can be made to depend upon 

(/,=!- /.=o)^'" V^^^^y (wherer is >0<1), 



1 / IV"* 

the value of which we shall hereafter shew how to find. 
But when n is an integer, 

a,.-x.o)^"(iog.-)= \^^^,^.,. . 

Hence also, multiplying both sides by (- l)", 

n(n - 1)...S.2.1 



, *■ 



120 



Also, since 



^= 1 + *(iog.*) + Yg + i j;; ^ + &C-. 



and (/,^,-/.^.)-___=(-i) (^:p^j^, 

t 

ir r V 1111 



similarly, (J^^, - /,^,) j?-' =- + -+_ + &c. 



If in the above two formulae m = 0, we have 

(X=i- X=o) Goge^)"= (- l)M.2.S...n, 

Ex. 8. To find the value of (X=« - X=o)^^"'> » being 
a positive integer. 

Integrating by parts 

&c. = &c. 

(/,= . - /,=«) *«"' = CL , - /x=o) «"'=!, 
therefore, multiplying these equations together, 
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99. The following properties of definite integrals^ where 
the values of the quantity under the sign of definite Integra** 
tion are periodical, it will be useful to notice. 

If /(ti?) do not become infinite between a? = and ,v = a^ 
and be such that /(^v) = — /(a — ^), its integral between the 
limits ^ =: 0, w = Oy will vanish. 

For if /(a?) be considered as the ordinate of a curve j 
this curve will intei'sect the axis when afni^a; because, making 
ti? = -^a, we have 2/(^ a) = 0, or / (^ a) = 0. Also between the 
ordinates corresponding to <v = 0, w ^ a^ the curve will consist 
of two equal and similar portions, one above, and the othei^ 
below the axis ; since making .t = ^ a + i«r, we have 

or the ordinates equal, at equal distances from the point of 
intersection ) but of different signs. But the area corres^ 
ponding to a negative ordinate is negative; therefore the 
sum of the areas of the two portions, that is, the required 
integral is nothing. 

Hence the value of the definite integral 

(X=*-X=o)cos^.^{(cos^)S sin,r}, 

which occurs in the investigation of the attraction of spheroids^ 
is nothing. 

Again, if /(a?) be such that /(a?) =/(« -/»), and conse- 
quently /(^ a + jj?) =/(^ a - »), the area between the ordi-* 
nates corresponding to <r = , ^ = ^ a, will be equal to that 
between the ordinates corresponding to ^r = ^ a, ai = a, and will 
have the same sign, 

••• a=a- /.=o)/(^) = 2 a=5 - /x=o)/(^). 

\if{w) be such tjiat /(<r) =/(« + x)^ then since for every 
addition of a to the abscissa, the same area will recur. 
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100. Instead of taking an integral between the limits 
a and 6, we may take it between the limits a and c and 
between the limits c and 6, (c being any intermediate value of w) 
and add the results together, and we shall obtain the same 
value for the definite integral in either case; for considering 
the expression to be integrated as representing the ordinate of 
a curve, the first area will be equal to the sum of the two 
others. In the same manner we may resolve an integral which 
is to be taken between given limits, into any number of others, 
the limits of which are intermediate to those of the former, the 
termination of one integral being the origin of the next, it 
being understood that the expression to be integrated does not 
become infinite for any value of x between the extreme limits. 

101. We next come to the case of those integrals whose 
values between particular limits can be obtained in finite terms, 
although not their general values by any known method. The 
following are the principal methods of finding the values of this 
sort of definite integrals. 

1. By combining the values of other definite integrals. 

2. By expanding the expression, integrating, and summing 

the resulting series. 

3. By using impossible quantities. 

4. By differentiating or integrating under the sign of 

definite integration. 

We shall give a few of the most remarkable results that 
have been obtained by each of these methods. 

102. To shew that (Jf^ , - j^o) ^"*' = i V^. 

By combining the definite integrals Ex. 3, Art. 98, we 
have 
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Since cs is not restricted to represent a simple quantity^ 

but if r be a very large number, 



' r 



-1-7 + 2^-^^- ••• V(l-e-')r^t{l-^): 



also when a? = 0, ^ = oo , and when j? = 1, ^ = 0, 

4r 

similarly, 

, a>^r*^ 1 r <e-"('+-r) 1 r e-^C^;) 

4r 
when r is a very large number ; 

•"• Ct=i -">^o)-^-— 3 = "^ (^=00 " ^=o) ^ » 

4r 
hence, substituting in equation (l), 



TT 



^ 2 

1 1 

4r 4r 



now make r infinite, .\ 2 {(^^„ - ^=o)«"**}* = "" j 
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103. This result wiU enable us to find the values of some 
other definite integrals. 

Thus let e~* = a^ or ^ = ( log^ -j , also - 2/e"* d,t = 1, 

or e'^'dj = " ^ ' •*• ^^"'' = fse'^'dj = - i jT ^log, -) ; 
also when t ^ <x> ^ w ^0^ and when / = 0, a? = l ; 

or (/,=!- /,=o) (log. ^) = V^. 

Hence, Art. 98, Ex. 7, 
fC C \l^ M"""^ (2w+l)(2Wr-l)...3.1 y— 

(/x=i-/,=o)(^iog.j =^ gn^i W; 

which is also the value of 2 (Jf^. - ^=o) e"*'^"*"^. 

104. To prove that (/,=«-/, = o) ^"^ "^ 



n sm 

n 



m and n being positive quantities, and m<n. 

When m and n are integers, this result may be obtained 



^m-l 



from the indefinite integral of -^ already found, Art. 42 ; 

but we shall employ the following independent process^ which 
consists in expressing the value of the integral in a series, and 
summing the series. 

Instead of integrating between the limits «r = 0, cV = oo , 
we shall separately integrate between the limits a? = 0, ^= 1, 
^nd J? = 1 5 a? = 00 , and add the results. 
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,m — I 



= + &c. + C ; 

oT^^ 11 1 1 „ 

••• (L-i " fs-o) = • + ' + &C. 

Again, 
, 1 4- a;" -^^ 1 + ^"" 

^-H ^W-2» ^-3» 

= ^-— + ; &c. + C, 



0?*"-^ 1 1 1 

— + ;; — 



.-. {f^^^ - ^:^i)- = + T— — ' - &c. 



(since n is greater than m); therefore by addition 

ff r ^'^ - /"^ 1. 1 1 \ 

+ I — ^ + + &c ) <l)j 

^nd it remains to sum these series. 



as » = " 1 


-(?)] 


{■ 


/2i2f 


w9 

cos = 

2 


O-0*)< 


(■ 


-it} 



J > &c. ; make — = 0, 

7 J TT 



take the differential coefficient with respect to 9 of the logarithm 
pf each side, 
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IT ire I 1 1 1 1 „ 

.-. - tan « + + ^ ;: - &c. 

2 2 1-0 1+0 3-0 3+0 5-0 

divide this equation by (n), and then make n0 s m. 



TT i»7r 1 

tan ^ 


1 1 1 


2n 2n n-m 


n + m Sn-ni Sn^m 


Again, since 





+ &C, 



in« = i8f|l-|-j [|l-( — ) >&c.; making « = 7r0. 



we have sin wB = w 



take the differential coefficient with respect to of the logarithm 
of each side, 

divide this equation by 2n, and then make 2n0 = m, 

IT mv 11 1 1 1 „ 

— cot = + + &c. 

2n Sn m 2n-m 2n+m 4n-m 4n + m 






Hence, substituting in equation (l). 



(jr., - t-o) =» — {cot + tan } = 



nsm— - 
n 



105. Similarly^ by expanding and int^rating we find 
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(/*=!- /x=o)(^-' - ^-"-^ (1 +^ + a;«- + &c.) 

Ill 1 , 

+ + &c. 



I cot tan = 

V 2n 2n/ 



2n V 2n 2ny mw 

ntan 

n 

Also (^=1-^=0)-- 



1 +a^ . wtt 

nsm 

106. We shall further apply this method to find the 
value of 

(ii=co -^0) - ^^ ^-^a, sin m J?, o being < -jr. 

Since 3— = e"^' + e'^" + c"**'* + &c., 

the proposed integral becomes 
(jUoo -jLo)(c"^'"«>*+e-('^-«)*+&c.+e--('^+«)*+c-^'^+«>*+&c.) sinwkp, ' 

which (Ex. 2. Art. 98) = 7 r^ r + 7- r^^ ^ + &c. 

+ 7 ^i i + 72 Tf b + «^* 

(7r + a)* + m* (Sir + a) +.m^ 



But e**+2cos 



— (-l)'{-(;^J'H-(;=.)} 



therefore, taking the differential coefficient relative to m of the 
logarithm of each member, 

g»"-g-« 2m 2m 2m 

+ -7T 77- ^ + &C. 



6"+2coso+e~'* (7r-a)*+m* (7r+a)*+m^ (S7r-a)*+m2 
••• ( i^« — L-o) sm ma = * . 
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107- We shall next consider the definite -integral 



V'=^ J*=o) 



n— 
n 



(l-zr«) 
which is known as the first of Euler'^s Integrals. 

Its value will be a function of p, g, n, which are supposed 

to be integers; and this value we shall denote by <^f > because 

in the following reduction n, the index of the variable under 
the vinculum, remains unaltered. 

When p + q^Hy the value can be immediately obtained ; 

F=/ F=/fr^' if^-«-i = «-; 

therefore, since ' '> are corresponding values, 

Z SS CO y Z ^ Oy) 



^^"^ .. . . ZP-^ TT 



(l — zp")" wsin — - 

There is yet another case (viz. when q = n) in which we 
can find the value of {— [ immediately, for 

g}-(/...-i-)-'--^- 

We shall now prove that |— > can in all cases be made 
to depend upon <—> where p^ and q^ are each <w. 
If we assume af = 1 - i»"> 



find/ ^ n:^ =-/ 

' (1 - zp") « * (1 - a?») 



we tmd / ^17;=-/ ^) 
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0? = 1, a? = 0,] 
therefore, since > are corresponding values, 

= 0, a? = l,j 



Vsf 






«-«' 



(1 - <a?*) « (1 - j»») » 



or 



|}-{|}' 



that is, p and g may be interchanged in the expression to be 
integrated without altering the value of the definite integral. 



^#»-i , , , /. wP-*'^ 



Again, to make f ^^ depend upon j 

' (1 - af^y^ ' (1 - a^)~ 

assume P = ^^'"*(l -a?")*, according to Art. bb^ 

r w^"^ P p-n r wP-""^ 

'"* ^'(l^af^y^'^^P^^'n'^p-.q-ni^^^^pi' 

consequently, since P vanishes at both limits, q being positive 
and p>n, 

w^'^ p — n - - w^"*"^ 



or 






By this formula, if jp>n, l^\ can be made to depend 
upon <^> where p,<n; and if 9>n, in a similar manner 

<— > = |— J can be made to depend upon |"7f = |~f wher6 



g^ is <n. 
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The continuation of this investigation would shew that 
every case of |— > can be made to depend upon the auxiliary 
integrals 

n-2n-l . 

m number or accordmir as n is even or odd. 

2 2 ^ 

108. We come next to the consideration of the second of 
Euler^s Integrals, 

r(n) = a=.-/,=.)(iog.^)""'- 

When n is an integer we have seen (Ex. 7. Art. 98.), that 

(/,=!- /,=o) (loge^) = (n- l)(n - 2)...2. 1 ; 

in this case then, r(n) denotes the product of all whole 
numbers <n: when n is a fraction, the indefinite product 
(« - l) (« - 2),.. is represented by the transcendent 

so that r(n) furnishes the means of generalizing formulae in- 
volving («-l) (w— 2)... when n is an integer, so as to hold for 
all values of n ; this makes the investigation of its properties 
of importance ; the following are the principal ones. 

In the first place, since for all values of n 

we have, T (» + l) = nF («), 

which is the fundamental property of the function F, and shews 
that if its values corresponding td all values of n included 
between two consecutive integers were computed, then all 
other values could be deduced. 
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Next, let n be a whole number, and m any positive quan- 
tity, then (Art. 55, Ex. 7), 

W^+W — I 

(w-l)(w-2)...2.1 1 



• • 



(m4-^-l)(«» + w-2).,.(m+l) w 

Now suppose n to be fractional, then the numerator be- 
comes the indefinite product (n — 1) (n — 2).,.s=r(w); and the 
denominator 

(m + w- l)(m + n-2)...(m+ l)m= ^^ . 

by the fundamental formula. 

Let m + n=l or w-l=-m; then r(m + n) = r(l) = l, 
and the first member becomes 

(X=, - /.=«) 7^^— r; - ^^ (Art. 107) ; 



TT 



smmTT 



= r(m).r(l-w) (tti being >0<1). 



Hence it is sufficient to know T(fn) from m = to m = ^, in 
order to deduce all the other values. 

Let w> = ^, then y/ir = r(-|)) as found in Art. 103. 

109. As an instance of the employment of impossible 
quantities in finding definite integrals, we shall take 

p being a positive integer, and 7, r, any positive quantities. 
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Putting for the cosine its exponential value, 

J^ jf p e-^' COB rw « ^^a?^e-(?-«-^^)* + ^ J^ar'c-(?+»'^^»K 

Let (q-ryZ-iyw^ t, so that when a?aO, ^«0, and 
when a? = 00 , ^ ■= oo ; then the first of the above integrals 



becomes 



7= 'Jf''«"* 



1.2. 3...p 

which (between the limits ^=0, ^=oo) = j== — : » 

simikrly, changing the sign of r, the second becomes 

1 . 2^: S...JP 

The sum of these is 

l>2.3...p (q + ry/^y-*^' + (g -r\/^y+' 
2 (g« + r«)''+i 

cos (p + 1) a .^ r 

= 1.2.3..,p ^^- — -^, if tana = -, 

(^ + f^)~ ^ 

which is the value of {f,^^ - j^:=o)a?'e"^co8ra?. 

Similarly, we may shew that 

/f r V « «* • sin(p+ l)a 
(/,.«o-/,=o)^^<^"'''smra?=l.2.3...p '^ ^ . 

110. The method of differentiating or integrating under 
the sign of definite integration is one of great utility ; it is 
founded upon the truth of the equation 

c being any constant found in u. 
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That we here differentiate with regard to a constant ought 
to create no difficulty; for the series of operations by which 
we obtain the differential coefficient of a function with respect 
to any quantity entering into it, can be performed equally well 
whether that quantity be essentially variable, or we only 
suppose a variation where none really exists : we have indeed 
only to regard r« as a function of two independent quantities 
DC and c. 

Now let ^tt = 0(a7, c), 

.-. dc0(^, c)«dc(^w); 
but dg<f)(x9 c) = u, 
,\ dcd:e<f)(jVy c) = dfitt, or dgdcff^ije^ c) = dcU ; 

.*. equating these values of dc<f>{*xiy c), 

Now as x and c are independent of one another, thii^ 
equation is true for all values of o^, and therefore when 
^ =■ 5, iT ss a ; 

•. dc(Js=bU) ^ f:,^i(dcU), 
de(Jx:.aU)^ f,^a(deU) ; 

. •. by subtraction, d^ { (^6 - ^a) w} = {^6 - jLa } (dcU). 
Hence, 

d/{a=6-/-«.)«}=d4(/,=j-/,=,)(d,»)^ = or„i-/.=.)(d/«), 

and so on for any number of differentiations. 
Similarly, it may be shewn that 

111. Our first application of this principle shall be, 
starting from known results, to deduce the values of certain 
definite integrals. 
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Ex.1. (jt=.-jLo) * 



•••"--•^•)*-(?T^)-f*-(^)' 

,t e . 1 -?!±-'l.3.5...(2n-l)ir 

or(/«.-i;=.)(^^^)..,.-c -__^_-_-, 

which, putting c? instead of c, agrees with Ex. 5. Art. 98. 

Li " J^o) 1^ =« -cot (Art. 105) ; 

1 — *ir n w 

differentiate with respect to m, 

Ex. 3. 0;=, - JU») «»-> = i ; 

in 

integrate with respect to m. 

To find C, let m = 1, .-. (/,.,- X=o) (j^ + c) = 0, 

.-. 0-i-/-o)*-i^^=log,m; 
which can be verified by putting 



2 

-1 



1 + (m - 1) loggO? + ^ ^O^ge^)* + &c. for a?"*"^ 

1.2 

and integrating each term separately. 

Ex. 4. (^, - ^o) c"''cosr^ = ^ 
integrate with respect to r, 



9^ + r^' 
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.-. {i^^ -/^o) = tan-* Uj . 

Hence if g = 0, (J(;^. - ^.o) = t > (JU«, - >=o) cosra?=:0. 

Integrals such as these, and (J[^oo - ji=o) sin ra? « -, (p. 1 15), 

T 

that is of periodic quantities, have determined values, only 
when they are regarded as the limits of other integrals, of 
which some of the elements have vanished. 

112. Secondly, we may apply the principle of differen- 
tiation under the sign of definite integration to discover new 
results. 

Ex. 1. To find the value of (j^^oo - jSi=o)e"'"'*'cos tod. 
Let it be denoted by 0(r), 

then d,t^{r) = (/^« - Jt=o)(- ^c-«^'*sinra?). 
But, integrating by parts, 

L (- arc"""** sin Tx) = r- sinror ; t^""^*" cos ras ; 

therefore, takiiig these integrals between the limits ars=0, ^ s x , 
since the integrated part vanishes at each limit. 



.-. log,0(r)-log,C=-— J, or <^{Ty^Ce *«'. 



4a' 



To deterDoine C, let r = 0, .-. (0) = (^=„ - jUo) «""''' =■ — 



2a 



.'. (j^=« -X=o)e-«''cosra?=2L-- 

2a 



136 

This result may be verified by substituting for cosrx its 
devdcypmoit, and int^rating each term separatdy, by Art. 103. 

If a s 0, we have as before (Jt=, - jt=o) oosr jp = 0. 
Ex. 2. To determine (c) = (jt=. - jUo) « ** ; 



-j-« •■) 



-.OU-jL.).-'-, -««-'-, 



— 20(c); 
.-. 0(c) = Cc-*^ and 0(0) = C = (jU. - ii=o)e"'* = i\/^> 



C06C« 



Ex. 3. To determine 0(c) = (jL« -jt=o) -=; 

1 + JT 

= ^(«) - (jU. - jLo) coscd? ^^ (c) ; 
.-. K0(c>}'={0(c)}'+C, multiplying by 2d,0(c), 
and int^rating. To determine C, we must make c = 0. 

But ^(0) = (JU -jL.)j^ = ix; 

and £<e0(c)=(jL. -jU) ^^^ =(JU. -^o)-^7^, if c»=»; 

.-. de=.^(c) = (JU, -JU) = -^5 •• C""®- 

Hence de0 (^) == * (<?)) since de0 (^) is always n^ative ; 
.-. 0(c) = C'e-' = |e-', or (/_ _ /^) ^ = j^ ,e-'. 
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Hence, differentiating and integrating with respect to c, 

(f r N^iilUff 1 ^-c 
u*=oo - /r=o; "YT^ -^"Te , 

. - - . 1 sin c<2? TT , ^. 

113. We shall now give certain formulae for approxi- 
mating to the values of integrals by infinite series, which was 
the second object of this section. The fundamental formula 
is Bertiouilli^s series, which may be either obtained by in- 
tegrating by parts, or deduced from Taylor''s series in the 
following manner. 

We have f{w + h) =/(a?) + j dj{w) + ^ d,Y(^) + &c. 

Let f{ai) = /,«*, .-. /(a? + A) « JL,+a«, 

fg^g+j^u denoting, as usual, the value of f^u when in it jff + k 
is written for d?; also dgf(ai) = w, d/y(af) = dgUj &c. ; 

.-. ^,+aW =:/,«* + Aw + —- d^u + -— — d/w + &c. (1). 

Now let A = - ^, .*. ft=x+k^ = ^=0^ = C a constant ; 
hence, substituting and transposing, 

Lu = G + oou d,u + d^u - &c. 

•"^ 1.2 1.2.3 

If we apply this to the case u = ^"', 

we have d^u = mx^"^^ d^u = m{m — l)a?'"~^, &c. 

^ 1 . ^ 1.2.3 

^1.2 1.2.3 * 






s 



$ 
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but (1 - 1)-^' = 1 - (m + 1) + 5^ &c. = 0, 

1 • z 



1 m m(m — I) 

= 1 + — ^^ - &c.. 



m + 1 1.2 1 .2.3 



.-. /,jr» = C + 



+ 1 



J^ 114. Let u be a functkm of jr that does not become 

infinite between the limits x^a^ jr = a+6, and in equation (l) 
of the preceding Art. let A ~ 6, jr — a, 

V +• /*=«/ ^ J g »=« 1.2.3 

This is the Talue of the definite integral of u between 
the limits jr = a, xs=a + 6, but will not be sufficiently accurate, 
unless 6 be very smaD. 

If we regard u as the cvdinate c^ a curre, Jr^+hU — Jg=mU 
represents its area between the ordinates ccNrreqionding to jr^a 
jr=a+6; and m+l terms of the above smes expresses the area 
(t^minated by the same ordinates) of the paiabcda, which 
has a contact of the m^ ordo: with the curre at the extremity 
c^ the first ordinate; for the equaticm to sudi a parabcda 
(taking the foot of the first ordinate as origin and A as 
abscissa) is 

A A^ A*" 

^ *=- J »=« J 2 "^ 1.2.3.M 

since, as we perceiTe, the value of y and its m differential 
coefficients corresponding to A » 0, that is x = a, would be 
respectiTely equal to u and its m differential coefficients 
cmresponding to « = a ; and this, integrated with respect to 
A between the limits A = 0, A = 6, gives the above 
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lis. To obtain greater accuracy, let the difference be- 
tween the limits be divided into n equal intervals, that is, let 
the limits be o, and 6 = + nh ; hence in equation (1) Art. 113. 
changing x into a, a -^h^ a -\-2h9 &c., successively, 

1.2 1 . z . 5 

^2 ^3 

&C. = &C. 

y^2 ^3 

.\ by addition, (^=5 - ^=«) w = A (w,=a+ «**=a+A + &c. + w^=6-a) 

^2 

1 . 2 

+ — — -(d^x=a«*+<f,=a+At^+&c.+cf^^6_;kt^) + &c., where A = . 

1 .z. 3 ^ 

This series may be made convergent by taking h sufficiently 
small. 

116. In the preceding Art. we may write the first line 

denoting by r (which usually will = 1) a positive quantity, 
in order to embrace every case, and by Rq a function of 
a and h'^ then the result may be written 

+ h}-^' (JBo + JBi + &c. + i?„_i). 

Let M be the greatest value (not considering the sign) 
which can be assumed by any one of the quantities iJ^, /?i, &c. 
not one of which can become infinite because u is finite from 
X = a to w = a -{^ nh\ 
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<A^+'^fiJf<A'(6-a)Jf. 
But when n is infinite, A « 0, 
.-. (jT^ - /„) u = limit of (*w,^ + *««;r=«+A + &c. + hu^^_^). 



117. . Again, making h n^ative in equation (l) Art. 113, 
and changing x into 6, 6 — A, &c., successiTely, 

A* h^ 

i*Z l.Z-3 

&C. = &C. 

A* A' 

A' 

A' 

1 . Z . O 

118. If we suppose all the quantities u^^^y ^,=«w> &c. 
«*,=«+A» ^x=a+***> ^^* *^ remain positive from * = a to x =^ by 
the above series gives a value too large when we stop at a 
term preceded by a positive sign, and the former series gives 
a value too small; consequently by adding these values of 
(J^^ - j^) u together, and taking half the sum, we shall 
obtain a still nearer approximation; this gives 
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A* 

119. If we regard the proposed function u as the ordi- 
nate of a curve, w^^, ^*=o+*» Sec, w^^ will represent (n + 1) 
equidistant ordinates of the curve, and (fg^—fg^)u the area 
contained between the extreme ordinates; and by the first 
series this area will be given in terms of the first, second, 
n^ ordinates and their differential coefficients, and by the 
second, in terms of the second, third, (n + 1)^ ordinates and 
their differential coefficients; hence the first terms of these 
series are respectively the sums of the inscribed, and circum- 
scribed parallelograms; and the first term of the third series 
is the sum of the inscribed trapezia. Also by Art. 114. it 
appears that the first and second series are the expressions 
for the areas of the polygon formed by the arcs of the os- 
culating parabolas comprised between each pair of consecutive 
ordinates. 

120. There are several expansions which may be readily / 
obtained from integration by series. / ^ 

Ex. 1. =l-d?-f^^-a?^+ &c., 

1 + ^ 

.-. log^ (1 + a;) = / ^C -hw + &c.; 

but when ^ = 0, log^ (1 + a?) = log^ 1=0, .-.0 = 0; 

••• loge (1 + ^) = ^ - — + -- - &C. 

'Ex. 2. = 1 - a?^ + ^* - a?^ + &c., 

1 + ar 

' 7, = ti? - — -f &c. ; (C ■= 0). 



4 



t ! 
If 
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] 

IT I I 1 , 

.-. tan"* a? = + + &c., 

2 w Sw" bar" 

determining the constant by making cv = x ; the latter series 
is an approximation to the value of tan"^^ when iv is very 
large. 

-r. 1 , « 1-3 , 1.3.5 ^ , 

Ex. 3. — 7== l+io?*-!- 0?*+ ;;d?^ + &C., 

y/l -a?^ * 2.4 2.4.6 



.-. sin"^a?= / ; 

, ^ 1.3 a?* 1.3,5 od^ „ ,^ 

= a? + i — + + — + &c. (G = 0). 

^3 2.45 2.4.67 ^ 

121. When the expression (a + fetu")?^"'"* is integrable 

1 + — j by the binomial 
theorem, and integrate each term ; the result is 

£ 

^ laT pb a?'"+» viP"^)^^ '^"*'^^" \ 

= o« I— + + ^ ^ g + &c.>; 

\m qam + n \,9,(far m + 2n j 

this being an ascending series, enables us to approximate to 
the value of the integral when a? is small. If a descending 

series be required, write the expression (fe + aa?"")^ a?"* "^ ~ , 
expand, and integrate as before. 



122. To integrate ^ , the origin of the 

V 1 - c^ (sin opy 

integral being ,x' = 0, and c<l. 
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Expanding by the binomial theorem, we find 

—7====== 1 + ^c^(sina?y4— ^c* (sina?y-h ' ' c^ (sin a/Y-h&c, 

y/l--(f{sma;y ^ ^ ^ 2.4 ^ ' 2.4.6 ^ ^ 

But (Art. 75) we have the formula of reduction 

1 fi — 1 
fg (sino?)" = cos^ (sino?)""^ + ^^ (sina?)""^ ; 

.-. fg (sin^r)^ ~ "" i ^^^^ sina? + — , 

fg (sina?)* --^ cosct? (sina?)' + f ji (sina?)* 

= — X cos<2? (sinij?)' — cost^? sin a? h tV ; 

^ ^ ^ 2.4 2.4 

&c. = &c. 

13 IS 13 

+ — ^c* i-i cosa?(sina?y '— cosa? sina? + -^w\ + &c. 

2.4 * ^ ^ ^ 2.4 2.4 ^ 

If the value of the definite integral between the limits 
a? s= 0, ^p = — , be required, 



since 



(f ' r ^r««^^2« (2n-l)(2n-3),..l tt 



'=-2 '=« 



2w(2n-2).,.2 2 



^'4 *'*=o^V^l-c^(sina?)^ 2 2 2 2 

1.3 , LS-TT 1.3.5 ^ 1.3.57r , 

+ C*. + ;;C*. ;; -+ &C. 

2.4 2.42 2.4.6 2.4.62 






144 

123. To integrate \/l -c*(sin^)*, c being < 1. 
Proceeding as above, y/\ -c*(sinj?)* « i - ^ c* (sin^)^ 

2.4 "^ ^ 2.4.6 ^ '^ 
.*. j[i\/l - c* (ainjf)* = X I — ^cosdrsinjr + 

c* { — icoszp (sinzrV cosa? sinzp h dp| — &c. ; 

2.4 ^ * ^ ^ 2.4 2.4 ^ 



and (/ ^-/ )V'i-c*(sinjry 



2 *=• 



2 ^ V2/ 1 V2.4/ 3 V2.4.6/ 5 ^ 

^ 124. These series always converge since c<l; but the 

convergence is slow if c be considerable, and a more converging 
series may be found thus. 



1-a/i-c* 1-n y -J- 

Vi+n7 (l+n)^' 

/ / *^ 

.-. VI -c*(sindp)*= V^ 1 --7- rr(sina?)* 

\/(l +n)* -2n(l -cos2^) = \/l+2ncos2j? + 

l+n l+n 



n» 



l+n 



\/l +n(« + »"0 + n* (making 2cos2ars:;ir + «''0 

= \/\ + nar . \/l + «»"* 

1 +» 
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1 +n ^2 2.4 2.4.6 



^ 2 2.4 2.4.6 ^ 

l+n* V2/ V2.4/ \2.4.6/ 

+ ^ (« + «-') + fi (»* + «-*) + &c.} 

1 + » ^ V2/ \2 . 4/ V2 . 4 . 6/ 

+ 2^cos2^p + 2j?cos44?H- &c.} ; 



2 
2 



2(1 



+ ») ^ V2/ V2 . 4/ V2 . 4 . 6/ ^ 



which converges more rapidly than the former series, because 
n c 



€ (i+a/i-c^)* 



is less than 1, or n<c. 



125. Similarly, 



y/l - c*(sin^y 



= (1 +7i)(l +Wi?f)-i(l +n»-*)-i 



= (i+n)jl — n« +-l-n^;!f« — '. — ^-nV + Scci 
^ ^ ^ 2 2.4 2.4.6 ^ 



1 1 1-3 2 2 1.3.5 

2 2.4 2.4.6 

2 / 1 «\ 2 / 1 a c\ 2 



^ O O A. O A. ^ 3 



+ 2^Cos2d? + 2J9cos4d? H- &c.} ; 

T 



146 



'^T '^ V 1 - <r (sm jr)' 



126. The integnds treated of in the four preceding Af- 
tides are very important, being the elementary int^rals of 
dlipCic functions. On these depends the rectification of the 
dlipse and hyperbcda as we shall shew ; besides there are many 
int^;rals that cwcur in philoscqphieal {»oblems whidi may be 
conTenJently reduced to them. 

Ex.1. / y « 7=r / — 7= , » making 

drs=008Jr; 



2V2 



{l + (iy.i+(^)^^+&c.| 



Ex.2. f—j^=.^\ /"—=====, where x = tan> 
J*y/l^j^ *^,V^i-|(sm5fy 2 

Ex. 3. tt = / - = / J , 



malrifig - = versinsT ; 



2c 1 r 1 

if, therefore, -<1, « = -^y^^==_=. 

-2c ,ft * J-* -^ 

But if -->!, let — =c^, and sm-scsm0. 






2c 
V^-/^\/l-c*(sin0y 
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/• 1 ^ "^ f ^ 

•^*\/(a-a?)(a?-6)(«3?+c) y/a-{-cJz / a — b 

a + c 



(sinxy 



= \/^; it 



making sin;2r= \/ ~; it being supposed that a>6, and 

therefore a is the greatest, and b the least of the admissible 
values of w, 

127. To integrate log, (l +n coso?). 
Let 1 + wcos<r = a^ + )3^ -I- 2a)3cosa7 = a^(l + mx) (l + m^""^), 

making w = — , 2cos<r = » + izr"^ ; 

a 

.-. logg (1 + w cosa?) = log, a* -H (m« - ^ m*«^ + ^ m^;^' - &c.) 

+ (mz-^ -^m^x'^ + ^m^^"^ - &c.) 

= log^a^ + 2mcosw 2cos2<r + — 2cos3a? - &c. (l) 

.'. J^logg(l 4- /icos^) =a?loggO^ + gmsina? 

m^ , rn? 2 , 

sin 2a» h sin Sa? — &c. ; 

2 S S 

where (since a^ + j8^ = 1, 2a)3 = w), 






n^ 



and a^ = ^ (-x/l +n + V^l -n)*^ 

1 + \/l — n* w^ 71 

i " 2 (1 - v^i - n«) ~ 2w ' 

128. The above result leads to the values of several 
remarkable Definite Integrals. 

First, (^=^ - /,=o) logc (1+ 7* coso?) = tt log^ f ^j . 
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Also since 

fgioge (l + n co8^) = ^logg (l + w cos a?) + n 



CD sin«v 



n cosd? 



■• ^'=- - -^""^ l+«cosa> = « ^°»' I 2(1 -«) J • 

Again, differentiating equation (l), and replacing a^ by ca;^ 
n sin cof 



= 2 (m sin cof — m* sin 2c^ + f»' sin 3ca? - &c.), 



1 + n cos CO? 
therefore (Ex. S. Art. 112), 

- ^ <3? sin C/P TT r o o^ 9 _a« « X 

^ (1 +ar) (1 + w cos ca?) n 

WlTT TT 



w(c^ + f») w + 6^(H-\/i-n*) 

129. To integrate (l + e cos^)". 

This expression, which is another form of 

(a^ + 2 a a' cos w + a'^)**, 

often occurs in the applications of the Integral Calculus; 
when n is a fraction, in order to be integrated, it must be 
developed in a series. 

Let (l + c cosa?)* = ^ tto + «i coso? + agCos2<r + a^ cosS a? + &c., 
therefore, taking the differential coefficient of the logarithm 
of each side, 

nesinof aisinj? + &c. + (r— l)a,_isin(r-l)a7+/*«rsinra?+&c. 



1 +ccos^ ^ao + aicos^ + &c. + 0^.1 cos(r-l)<a?+ayCosrj?+&c. 

Multiply crosswise, and retain only the products which 
when resolved will contain sinr<r, 

.-. nesinof {ay^iCos(r-l)a? + ar+iCos(r+l)a?}+&c. = ra,sinrci7 

+ ecos> {(r-l)a^_isin(r-l)«r+(r+l)a^+isin(r+l)a?}+&c. ; 
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therefore, equating coefficients of sin ro?, 
tie e 

Or-i (n — r + 1) e — ^rar 
(7^ + r + 1) e 

which holds when r = 1, as may be easily shewn. 

Hence, ag, 03, 04, &c. can be deduced from the preceding 
coefficients. 

When w is a positive integer, aU the coefficients after o„ 
vanish; for co^nx involves (cosa?)% and this is the highest 
power of coso? that can enter. 

It only remains therefore to determine the two first coeffi- 
cients ^©o, and flj. But (l + ccoso?)** = 1 + nccosa? 

1.2 ^ ^ 1.2.3 ^ ^ 

= 1 +ne coso? H (1 + cos2cr?) 

1.2 2^ ^ 

1.2.3 4 ^ ' 

+ ^-^^-^ — ^-^ — (cos4a? + 4 cos2«j? + 3) + &c., 

1.2.3.4 8 ^ -r / -r , 

1 1 . n (n-l) e' ^(/^ ~ 1) (n ~ 2) (t^- 3) 3e* ^ 

^° 1.2 2 1.2.3.4 8 ' 

f w(7^-- l)(w-2) 3c^ „ . 
^ 1.2.3 4 ^ 

Of course these series for ^^i «i> terminate, when n is a 
positive integer* 
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Hence, all the coefficients being known, we have 
fs(l + e cosa?)" = ^^0^ + ^1 sino? + ^©2 sin2^ + &c. 

130. It may be observed that 

2 

«f = - C=^ - A=o) (1 + « cosa?)» cosr a?. 

TT 

For the general term of 

^(l + ecosa?)"cosr^ would be a^ J^cosma^cosriV, 

- . , , fsin (m + r) a? sin (m - r) a?) ^ 
which =ia«{ — ^^ ^+ 5^ '—\ + C; 

and this would vanish between the limits <r = 0, <r = tt, in 
every case except when w = r, when it would = — tt, 

I- ^u 4? 4- sin(m-r)7r (m-r)w , 

for the fraction — = — = tt, when m^r. 

131- From the coefficients of the expansion of (l +ccosa?) "% 
those of the expansion of (l+ccoso?)"*"* are immediately found 
by differentiation. 

For (l +ecosa?)~""^ = (l+ccosa?)"'* — ecos^(l + ccosa?)"*"* 

= (l + ecosj?)"" + -d.(l + ecos«r)~" = (ao+ — d.an) 

n n 

+ (^1 + — de^\) COS a? + (^2 + - d^a^ cos2«» + &c. 
n n 

Or, without differentiation, if 

(l + ecosa?)~" = ^©0 + aiCos,r + &c. + a^cosro? + &c. 

(l +ecos<i?)~"~^ = ^6o + 6iCosa?+ &c. + 6^cosr«j? + &c. 

it may be easily proved that 

n(l - e^) 6^ = (w - r) a^ - (/^ + r - 1) ca^.j . 
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1 
132. Hence, using the notation of Art.^!H5 since 



] + ecoso? 



a* (l + ni%) (1 + mz'^) c? (1 - w*) \l + WiJf 1 + mz'^f 



1 

.8~ 



— -r^ {l -2wcos«j? + 2w^cos2ii? -2m'cos3«j? + &c.J 

1 , 2(1 -\/r^ 2(1-^/1-6^)2 ^ , 

= — 7===n ^^ £cosa» + -^ ' ^cos2^-&c.}, 

Vl-e^^ e ^ ^ 

we can, by successive differentiations, determine the coefficients 
t)f (l + ecosa?)"^ &c. 

133. To find Jje"*' in a series, between the limits ^=0, t^t^ 
Integrating by parts, 

j{e-«'r» = -ie-"r»-f Jle-^rs &c., 
... j^B-t'^- (i_^r* + --5-r«-— 5— r« + &c.) + C; 

.-. a=.-^.)e-"=-^(i-i<.-v^<r*-&c.) 

But (jf,„ -/,=,) e-«' = iV^, 
Therefore by addition, 

a=.-jf=o)e-''=iv^-^'(i-i«.-»+^<x-*-&c.). 
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SECTION VIII. 



AREAS AND LENGTHS OF CURVES^ AND VOLUMES AND ilREAS OF 
THE SURFACES OF FIGURES GENERATED BY THEIR REVOLU- 
TION. 



Art. 134. We now come to one of the applications of 
the Integral Calculus which usually forms a portion of trea- 
tises on the subject, both on account of the interesting illus- 
tration it furnishes of many of the methods already explained, 
and of the utility of the results to which it leads. 

136. If {«) represent the length of the arc of a plane 
curve, A the area contained by the arc, the ordinates at its 
extremities, and the intercepted portion of the axis of <r, and 
V and S the volume and area of the curved surface of the 
figure generated by the revolution of the curve about the axis 
of a?, it is proved in the Differential Calculus, that 

therefore, inverting the formulae. 

When the curve is given, y and d^y are known functions 
of «r, and therefore all the above integrals are of the form 
fgU (u being a function of w); the integrals must of course 
be taken between the limits corresponding to the boundary 
of the figure whose area or volume is required. 

If the area be bounded by another curve, whose ordinate 
is yi, in place of the axis of a?, 

then A = f^y-f,yi = f,(y - yi), T = tt ^(j^ - y^^). , 





Also, if the axes of the co-ordinates, instead of being 
rectangular, be inclined to one another at an angle d, then 
d,A <=■ y sin d, and consequently ^ = sin j^j/.^ 

136. There is another mode of expressing the length of 
a curve which deserves notice. 

Let CJNr=^, PN^y, AP = s, jlNPT^NCY^O, 
CY (perpendicular to the tangent at P)-p9 PY^u^ (Fig- ^ and 4), 

A-. p = CP cos (0=f PCJV) = J? cos 0±y sin 0, ^ fi-*- ^^ 

u = CP sin (0 sf PCN) = a? sin =f y cos 0, . ^^^ - 2. ^ 

d,y = =F cot 0, d,5 = =f cosec 0, 

,\ d^p = cos.0d0<T - ii? sin ft— ^coti9d0j? . sin ± y cos ^ 

= — a? sin ± y cos x= — w, ^ . 

d^p = - a? cos — sin Qd^x ^ y sin — cot 0dea? . cos Q '^ 

= - p — cosec dd^x = — p ± rfg^, .*. d^p = - j&p ± «, 

or ± « = rfep + Jep, 

+ or — according as the curve is concave or convex to the 
origin ; 

also u^8 = fep. 

If the curve cut the axis at right angles at A, no constant 
,b necessary after integration. 

This general property of curves is chiefly of use in finding 
\e lengths of elliptic and hyperbolic arcs ; it may be also used, 

(1) To determine the length of any curve whose equation 
B given ; for from that equation, together with d^y = — cot0, 
Ve can find x^ y, and therefore p = of cos d + y sin 0, in terms 
jf ; and then s = d^p + fep, 

(2) To find a curve whose arc shall represent a proposed 
integral; for if it be put under the form f^p, where p is 



^'^ ^ ^ ^ ^-^t^ - ^^ ^c/v 



.. y* . JO K 



«^b X. ^ « ^. 



^^ 



d 
I 
I 
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a function of 0, the equation to the required curve is found 
by eliminating 6 between the equations 

a? = p cos - dep sin 0, y = p sin + d^p cos 6» 

If j> be such that f^p is algebraic, we obtain a curve the 
length of whose arc is expressed by an algebraic quantity. 

137. We shall now apply the above formulae to curves 
of the second order, the areas and volumes of which are 
necessary to be known, ^nd to certain others of the more 
common curves. 

Ex. 1. To find the area of a circle. 

We have already seen (Art. 97.)? that the area of a quad- 
rant = ^ Tra^, therefore the area of a circle whose radius = a, 
is Tra^ 

Hence the area of a sector of a circle, whose angle is a, 
will = ^a^a; for it will be the same part of the area of the 
circle, that its angle is of four right angles. 

In addition to the expressions already found for J^v^a^— ^, 

and j^\/2aa? — ti?^ (Art. 25.), we may notice the following; 

^g\/ a? — ^ = circular area (radius = a, abscissa from center 

= a?) + C ; and ^^y/^aoo — «i?^= circular area (radius = a, abscissa 
from extremity of diameter = a?) + C 

Ex. 2. Let AB (Fig. 5.) be an elliptic quadrant whose 
semiaxes are AC=a^ BC=h; AD the quadrant of a concentric 
circle whose diameter is the major axis, AN = a?, PN = y ; 

therefore, area ANP = / -x/Qaof-ai^ = - Lx/^aw — ar^ 

./ - = - (circular area ANQ) ; 

'■•■'.■ . a 

hence also area AMR = - (circular area AMS)y 

a 

^ b . 
.: area MRPN = - (circular area SMNQ) ; 



m 




^^ between two parallel ordinates, bears 
corresponding portion of the circular 

b 
PNC = - (triangle QNC), 

CP = - (circular sector ACQ) ; 

'ertex of the sectors be at any other 
i of C. 

le whole ellipse = -- ira* = n-afe, or is 

^ .-le whose radius = i/ab, a mean pru- 

poriional between me semi-axes. Since the whole area is 
divided into four equal sectors by any pair of conjugate 
diameten, if a, b', denote the lengths of two i conjugate 
diameters inclined at an ang^e -y, the sector included by them 

= ^ira6 = ^TTfl'fc' sin-y. ' u- ' f."" 

Ex. 3. To find the length of a circular arc. 

AN=-x, PN = y, .^C the radius = o, AP = s, (Fig. 6.); 

1 — X 



.: y^y/^aai — a?", d^y - 



V^ 



i + (d-yy = ^ 



.-, a= a versin"' - + C, and « = when a? = 0, ,■. C = ; 
a 

therefore arc AP ^ a yer&ia~^ ■- , and making x = a, a; = 2a, 
length of quadrant AD = — , length of seroi-circular arc = ira. 

Ex. 4.. To find the area of the surface of a sphere. 

Let 5* be the area of the surface generated hy the arc AP 
revolving about AB, (Fig. 6), 
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.'. iS = g-n-aa? + C = S-n-a . -4JV, since C = ; 

and the area of the whole surface ■= Stto . 2a = 47ra* = area of 
four great circles. Hence the area of the surface generated 
by PQ = 27ra (AN-'JM) = 27ra.mn; that is, if two parallel 
planes cut a sphere, the area of the intercepted portion of its 
surface is invariable whatever be their position, provided their 
distance from one another continue the same; and is equal 
to the intercepted portion of the surface of the circumscribing 
cylinder, whose axis is perpendicular to them. 

Ex. 5. To find the volume of a sphere. 
Let V be the volume generated by the area ANP^ (Fig« 6), 

.-. d,r=7ry* = 7r(2aa?-a?^); .'. r=7rfa^- — j, (C = 0), 

or volume of segment, whose height AN =? a?, is ir{a(ji? - ^ o?^). 

27ra^ 
Hence volume of -^ sphere = , making a? = a ; and 

A 3 

volume of sphere = = ^(27ra^) = ^ of circumscribing 

cylinder. 

Hence we can express the volume of a frustum by its 
height and the radii of its ends. 

aco^ aao^ + — j 

= TT («r - a? J ^ a (.27 + a?,) * > 

TT (a? - 0?,) f , ^ , „ («r - a?i)^) 
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Hence if QJf - i, PN~c, MN.h, 
volume of frustum (radii of whose ends are b, c, and height A) 

Ex. 6. To find the volume of a spheroid. 

pse revolve about its minor axis, the figure gene- 
I 1 au oblate spheroid ; if about its major axis, a 

Fig. S, making CM ^ x, 

and .-. iMPf = ff* = 1 (y - x% 

segment of an oblate spheroid 

le = ^, taking the integral between the 

b, and doubling the result. 




^3 
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/ 



But for the axe AP, (Fig* 7.)> when a? = 0, « = ; 
•'•^ = ¥^''^'Uy^ ' o^C'=--log, (^-j; 



9 



.*. arc -4P = VV + m^ + — log^ ( — + 1 + —y/a? + man. ^ 

2 ° \w m I 

This also admits of the following expression. Let z ASY 
= PSY ^ 9y -4 F being a tangent at the vertex, and SY conse- 
quently perpendicular to the tangent PY, and bisecting the 
angle ASP; .*. SY =m sec 6^ 

f 

= PY-^ m logg tan f — + _ j + C, and C = 0; 

therefore, arc -4P = PF-f AS. log^ tan { j . 

Ex. 8. To find the area of a parabolic segment cut off by 
any ordinate. 

Bisect the given ordinate Qq in V (Fig. 8.), and draw PV 
parallel to the axis AD; draw NM parallel to QT, and let 

PN^o^, NM=y, p^SP = -^^/ifzPTA = e, 

(sm 6y 

PT being a tangent at P, and, therefore, parallel to Qg; then 
y* = 4pa?, and since the axes of the co-ordinates are inclined 
to one another at an angle d, 

d^A = y sin 6 = 2 sin Qy/pco ; ,\ A^- sin Oy/pcc^ + C ; 

and taking the integral between the limits cr = 0, x^PV^ and 
doubling the result, 
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area QPq = - sin Oy/p (^^)* = - PV- Qq-sind 

3 S 



= - (circumscribing paraUelogram qt). 

Ex. 9. To find the volume of a parabolic frustum, in 
terms of its height and the radii of its ends. 

Let these be PN ^ b, QM^c, NM=h, (Fig. 7.); it wiU 
be found that 

volume of frustum generated by PNMQ = — (6^ + c^). 
Ex. 10. To find the area of the surface of a paraboloid. 



d? 



Off + m; 



8 



3 



and since S vanishes when a? = 0, 



= — \/iw.m*+ C; 



.*. area of surface generated by AP = { (^ + ifn)l-^nfi\ . 



/ 




^ s 



TV -A 
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.-. 8 = i/l^+mx + — logj (a? + — H \/j»* + ma?) + C- 
But for the arc AP, (Fig« T.)? when a? = 0, « = 0; 
.•.0 = -log.(-) + C,orC=--log,(-); 

.'. arc AP = V o:^ + iWti? + — log. ( — +1 + — \/a^ + mx 1 . 

^ This also admits of the following expression. Let z ASY 
= PSY = 09 -^<F being a tangent at the vertex, and SY conse- 
quently perpendicular to the tangent PY^ and bisecting the 
angle ASP; .*. SY^msecO^ 

' ■ 



cosd 



= PF+ m loge tan | — + - j -i- C, and C = ; 



therefore, arc AP == PY-^- AS - log^ tan 



r-i^- 



Ex. 8. To find the area of a parabolic segment cut off by 
any ordinate. 

Tl i.i.^ A « ■i irnn n»dinntn Hn in -gYEixr^JLl. and draw PV 



/y^ 
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area QPq = - sin 0y/p (PF)i = - PF. Q? . sin 

S o 

2 . 

= - (circumscribing parallelogram qt), 
S 

Ex. 9. To find the volume of a parabolic frustum, in 
terms of its height and the radii of its ends. 

Let these be PJV= 6, QM^c, NM^h, (Fig. 7.); it will 
be found that 

' volume of frustum generated by PNMQ = — (6^ + c^). 

r 

Ex. 10. To find the area of the surface of a paraboloid. 

dgS = ZwydgS = Stt , 2y/maf . \/ 14-—= ^ic\/m ,y/ x -^m^ 

w 

.-. S = - vs/m ice + m)\ + C, 
3 

and since S vanishes when a? = 0, 

= — \/iw.w§+C; 
3 

.\ area of surface generated by AP = {(<r -h m)f— m^| . 

3 

ft«^ Ex. 11. To find the length of an elliptic arc. 

Let APB be the quadrant of an ellipse, AQJ) a quadrant 
of the circumscribed circle, / BCQ, = 0, QJV being an ordinate 
to the axis, arc BP = s ; (Fig. 5.), 

6 
.•. X = CN = a sin 0, and y = PJV = - . QJV = h cos ; 

.-. {d^sf = (d^a?)2 + (d^y)^ = (a cos 0)^^ + (6 sin 0)* 

= a2{l-c2(sin0)2}, ifc^=^5^^\ 
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or d^8 s= ay/l - c' (sin 0)^ ; . 

therefore arc BP (the abscissa of whose extremity ^ a sin <p) 
^af^\/l -c^(sin0)*, the origin of the integral being = 0, 
which is the fundamental expression for elliptic arcs. 

This integral can be obtained only in a series, and by 
Art. 123, 



1.3 
cos 



1.3 . 1 

<^sin0-h — 0}-&c.J. 



2.4 

If we take the integral between the limits ^ = 0, = — > 
quadrant^S = -{l-(iy--(— ) --(^ J-M 



7r(a + ft) 
or s= 



, 1 -v^l -c^ , 2a 

where n = . , and i + n = 



1 + \/l -(f a + ^ 

Of these series for the length of the quadrant, the first 
is to be used when the eccentricity c is very small; and the 
second converges rapidly as long as c^ < ^; in the next Section 
we shall give theorems for finding the length of any arc to any 
degree of accuracy. 

Ex. 12. To determine two arcs of an ellipse the differ- 
ence of whose lengths can be expressed by an algebraic quan- 
tity. 

Let *yZ, and CF^p^ be perpendiculars from the focus 
and center on the tangent at P, z NPZ = 6, (Fig. 3.), 

,-. Cr= CZ« - ZV^ = CJ^ - CS" . (sin 0)% or p = a\/l -c^sine)^ ; 
since the locus of Z is a circle, center C, radius CA. 
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therefore, Art. 136, arc AP -^ PY ^ af^y/l - (? (sin Gf, the 
origin of the integral being = 0; but if CJV'=asind, by 

the preceding example, arc BP^^ « je V 1 - <^ (sin 0)*, the 
origin of the integral being = 0; 

.-. arc AP+ PY=^ arc BP^, 

Let CN = a sin 0, .-. PN = b cos (p ; 

6 sin 6 y 

,-. cot 0= — a;pV = '-- = - tan 0, or cot cot d) = v 1 — c'^ ; 

a cos (b a '^ ^ 

a& sin cos Q . — 

also PF = - rfe/> = — j = ac^ sin sin (6* 

V^l -c^ (sin 0)2 ^ 

Hence arc BP - arc AP = ac^ sin sin = — CN* . CJV, 

' a 

the abscissae of the points P, P', viz. a sin 0, a sin 0, being 

connected by the equation cot cot = \/l — c^. This is 
Fagnani'*s theorem. 

Since (p and are similarly involved in the value of PF, 
we have PF= P'F', or the two points P, P, are such, that 
the intercepts of the tangents are equal to one another. 

Ex. IS. To determine a point which shall divide an 
elliptic quadrant into two parts,, the difference of whose lengths 
shall be equal to the difference of the semi-axes. 

b 
Let = 0, .'. (cot 0)2 = - ; then P, P', coincide in a fixed 

point K whose co-ordinates are 



asin0 



= a \/ -, b cos = 6 \/ - 



a + b^ ^ a + b^ 

and fiir - ^JT = ac^ (sin 0)2 = o - 6. 

Also CJr= y/a^—ab-^-b^j and the ^ conjugate diameter =\/a&. 

The points P and P' being so related that if JV'P were 
produced to meet the circle on the major axis in Q\ and CQ' 
joined, NPT=:BCQ\ 



i 
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Ex. 14. To find the length of a hyperbolic arc. 

Let SZy and CY = p, be perpendiculars from the center 
and focus on the tangent at P; CS = a, CA = acy z NPT= 0, 
(Fig. 4.), 

.-. CF^ =CZ«-ZI^=C-4*-C*S^ (sin 0)', oTp^a\/c^-{^mefv 

.-. PF - arc ^P = a /ex/c^ - (sin 0)^ 
the origin of the integral being = 0. 

Now z PTN has its least value when the tangent coincides 
with the asymptote, in which case its cosine = CA -=- CS = c ; 

.'. sind, which=cos PTN^ cannot exceed c; let .•. sind=c sin ^, 

.-. kVi? - (sine/ = Uo cos^d^e =/ ,f ^T,^^' 

•^(^V 1 -c^(sm0)^ 

a sin cos > --r-: — - 

and PY= - rfep = . = = a tan d)V 1 - c^ (sm 0)', 

y/c' - (sin 0)^* 

.-. arc -4P = a tan 0\/l - (?,{^m<py - a J^vl - c^ (sin 0)^ 

+ a(l-cO / , \ =, 

'^<^V 1 -c^(sin0)^ 

the origi^ of both integrals being = 0; and if we substi- 
tute for them, their values derived from Art. 122, we shall, have 
an,4fexpression for the arc AP in a series ascending by powers 
of c which is always < 1 . 

Ex. 15. To find the difference between the lengths of the 
asymptote and infinite hyperbolic arc. 

When = — , jp = 0, that is, the tangent passes through 

the centre and coincides with the asymptote. Hence the dif- 
ference between the lengths of the asymptote and the infinite 
hyperbolic arc 
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, ac* (cos <t>y na c» n.syc* 

Tra (l - c^) 



2 



^ + (i)*''^+(^) "* + &<=•}•. 



In the next Section we shall obtain more convenient ex- 
pressions both for this difference, and for the length of any arc 
of an hyperbola. 

Ex. 16. To find the area of the surface of a prolate 
spheroid. 

In this case the arc BP revolves about AC; Fig. 3. 
,-. d^S=2TrPNd^BP=27rhco8(p.a\/l-(f(^in(f>y,(hylEx.n.) 

= dff, (c sin (p)\/l - (c sin^)^, 

27rab 



.-. S = {^ c sin 0\/l - (c sin (f>y + ^ sin"^ (c sin <f>)] + Cy 

and C = 0, because S and (f> vanish together, 
/. area of surface generated by arc BP 

= {c sin (f)\/l - c^ (sin <py + sin~^ (c sin (pi) \ ; 



and making ^ = — , and multiplying by 2, 

At 

area of whole surface = (c\/l — c^ + sin"*c). 

c 

If c be very small, the area of the surface 

= 47raHl - - c*) (I - 7 c*) = 47ro' (l - - c'). 



^ 
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Ex. 17. To find the area of the surface of an oblate 
spheroid. 

In this case the arc AP revolves about BC ; Fig. S. 
.-. d^S = 2irCNd^AP = - ^ira sin . a\/ 1 - (c sin (p)' 

= 27r — dfp (ccos ^) V 1 - c* -H c* (cos 0)^; 



27ra fccosd) > r r . 

.-. S = ] Ty/i^c" + (c cos <py 

H loge {c cos (p + vl - c* + (c cos 0)*} > + C, 



TT 

and aS = 0, when = — , 



27ra' /I - c^ 
.-. = 



I loge^x/l - c* J + C; .*. eliminating C, 

area of surface generated by arc AP = Ic cos 0\/l— (csin0)" 

^. (, _ «») log. ^^cos^+Vl-Jesin^^l^ 

and area of whole surface = Ic h- (l - c^) log^ \/ >. 

If c be very small, area of whole surface 

.!^'{..0-.)(«.f)}.w(.-f). 

Ex. 18. To find the area of a cycloid. 

Let AB the axis = 2 a, AN^w^ PN^y^ (Fig. 9.), theo 
PQ = circular arc AQ^ by property of the cycloid, 

.*. y = AQ H- QN = a versin"* - + v 2aa? - cT , 



^ •■ 
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13 
therefore, making = tt, 

whole volume = tto* <7r* - 2 -h ^tt^ - ^ + i - ^ 1 

1 2 3j , 

If the cycloid revolve about its base, it may be shewn that 
the volume generated = Stt^c^. 

/^ Ex. 21. To find the area of the surface of the figure 
generated by the revolution of a cycloid about its axis. (Fig. 9.) 



= 27r U« - X^V^2a^ V^-^^^) 
= 27r{y« + -\/2a(2a -a?)*} + C, 

therefore area of surface generated hy AP 

c 4 y — ^ v3 1^ 01 

= 27r{y« H- -V 2a(2a - a?)* a"* j ; 

and making a? = AB = 2a, and therefore y = Tra, « = 4a, 

16 / 4\ 

area of whole surface = 27r(47ra^ a^) = Sira^ ( tt — I . 

3 ^ \ 3) 

If the cyckM revolve round its base, it may be shewn 
that the area of the surface of the figure generated = . 
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Ex. 22. To find the length of the Epitrochoid, which Q 
is generated by a fixed point in the plane of a circle whose 
circumference rolls along the outside of the circumference 
of another circle. 

Let the radius of the fixed circle CA = a, the radius of 
generating circle Ba^h^ (Fig* !*)> ^^^ *he distance of the 
describing point from the center of the generating circle BP^c. 
Ay a, points in contact at first, CN—w, PN—y^ arc Pp = 8f 
I ACB^9. Draw Pq parallel to CJ, 

.. /.BPq^PBQ + PQB^—-^e; 

b 

-•. a}=CB cos ACB-BP cos BPq=(a+b)cos6-c cos (7+1) ^> 
y^CB sin ACB-BP sin BPq=:(a+b)sm0-c sin (^+A 0; 

.-. (desf = (dewy + (deyf ^(a + bf + c^ ^^ +1^ 
-■2 - (a +6)^ cos — ; .-. de8^{a + b) ll + —-2--cos — \ 

or d^s =- 2 ( IH- - 1 {b + c) ^/l -7i* (sin0)^ 

1 • , TT aO 4sbc 

making (p = , and nr = 



2 26 , (b + cy 

Hence 8 can be expressed by an elliptic arc. ^/ 

To get the length of the arc traced out by half a revolu- 
tion of the generating circle, we must integrate between the 

limits = 0, — = 7r, or ^=— , = 0; 
...« = .^, + -)(6 + e){l-(i)«--(— ) --&C.}. 
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If c = ft, or the describing point be in the circumference, 

aO 
the curve is the epicycloid, and dg* = 2 (a + 6) sin — , 

4fb (a + ft) aO 
.•. ^-s ^ cos—- + C, and « = when = 0, 

4,6 (a + 6) / a0\ 46 (a+6) . PfiQ 
' ' -— * versm ; 



^ 4,6(a + 6) / ot^\ 46 (a- 

.•. arc o P = ^ 1 — cos—- 1 = — ^— 

^ a \ 2bJ a 



2 



therefore arc described by one revolution of the generating 
86 (a + 6) 



circle = 



a 



Of course the above formulae are adapted to the hypo- 
trochoid and hypocycloid (for which the circle rolls along 
the inside of the circumference of the fixed circle) by making 
6 negative. 

Ex. 23. To find the area of a catenary. 
Let B be the origin, JB = a, BN = /p, FN = y, (Fig. 10.), 

a ^ 
,-. area ABPN ^ j^y =^ J - {-e^-^-e « 

= — (e^ - e"^), (const. = 0). 

Ex. 24. To find the area of the Cissoid of Diodes. 

This curve is the locus of the intersection of an ordinate 
of a circle, with a line joining the extremity of another equal 
ordinate and the extremity of the diameter to which both are 
perpendicular. 

Let QJV, Q'JV', be the equal ordinates, and P a point in 
the curve. 

JB^2a, AN^w, PN=y, (Fig. 11.), 
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.'. area 






= - 2a? ^/^aw - a?* + 3 (circular area AN(i) ; (const. = O) ; 
therefore, making a?«=2a, whole area contained between the 
curve and its asymptote = =3 times semicircle AQB. 

At 

Also the volume of the figure generated by the revolution 
of the area ANP about the axis AB 






by dividing and integrating. 

If the figure revolve about the asymptote, 
{) /- 

d^V^-K iPMYd,BM =^iia-<vy. ^^(^^_^y 

= 7r(3a-a7)v 2aa?-a;^=7r{2av2aa?-a;^ + (»--^)v Saay-o?^}, 
.-. F=7r{2a(circular area^JVQ) + ^(2aa?-a?^)5}, (const. = 0); 

.-. whole volume = tt (2a . 1 = Ti^a^ 

\ 2 / 

The curve has another branch similar to APD situated below AB» 

Ex. 25. To find the volume of the figure generated by 
the revolution of a Conchoid about its asymptote. 

This curve is described by taking PD always of the same 
kngth, AN bdng a line given in position, and C a fixed point 
about which CP revolves. Draw CB perpendicular to ANy 
and let 

AN=w, PN=y, AC^a, AB = DP=b; (Fig. 12.), 

Y 
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^ PN* CM* y' (« + »)* 

aft* 



,.l±i!y^^Z7, rf - = _ 



.. r = w {o6»co8-»| - i (6* - »*)l + 6*-v/6* - »*} + C, 

and F = when y = 6, .•. C = 0, 
therefore, making y = 0, whole volume 

='('"'^l'')-'''("4) 

The inferior Conchoid is traced out by taking in DC, 
DP = DP = 6 ; the volume generated by it will result from 
the above expression by making b negative, provided h<a. 

138. We shall next exemplify the use of polar co-ordi- 
nates in finding the areas and lengths of curves. 

If « be the length of the arc of a curve referred to polar 
co-ordinates, intercepted between the radius vector p and a 
fixed line, and A the sectorial area bounded by these and the 
arc, also the angle made by p with the initial line, then 

These formulas are to be used when p is given in terms of 
d ; if d be given in terms of p, the formulae become 



(' 



t • 



t • 
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Since tan = — , 



.-. d,^ = ip'd,0 = |p^d,(tan-^^^ =iM,y-y); 

This expression, in which w is independent variable, is 
sometimes convenient for finding a sectorial area. 

In some cases it is advantageous to use expressions involving 
p, the perpendicular dropped firom the pole upon the tangent ; 



in such cases, 


since 


dpS 


P 




y/p*. 


■^ 


we have s = 


f 


P 


= . 1 = 


i 



, d^A^\ 



Pp 



Pp 



Ex. 1. To find the area of the Conchoid. 

Let CP « />, z BCP = Oy (Fig. 12.), 
then CP^CD + DP= CD + AB, or p^ asecO + b; 
therrforc, area BCP* ^/p^ =» i/ {o^seca)* + 2o6 seca + 5«J 

=:^{a^tand + 2a6logctan [— + -) +6*d}> (const. =0). 

Ex. 2. To find the are^ of any sector of a hyperbola 
bounded by straight lines passing through the center. 

Let C be the center of the hyperbola, a, 6, the semi*-axes, 
CN=:w, PN^y, CP^p, ACP^e, (Fig. 4). 



= a?, JfJS ^y^ CP = p, AUJf 

If the hyperbola be rectangula 

?2 - y^ = a^, or p^ (cosdy - p* (i 



^ lar or o ■= 6, 
0?^ - y^ = a^, or p^ (cosd)^ - p* (sin0)* = o*, .\ p* = ^ » 

COSSSCf 



.*. area 



^^^=*«*X^=i«'^**"(^*9}' <«'»«*• -«)■ 
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If the hyperbola be not rectangular, 

d, (area JCP) = | (a?d,y - y) 

.', area JCP = — log, ( - + - y/a^ — a* ) 

ab (a; y\ 

. Hence if we put the sectorial area ACP = ^0, we may 
express the co-ordinates of P in terms of 6 ; 

-i ^ y a ^ y a . ^ ^ 
for then - + 7 = ^*', - = c"% smce — - ^ = 1 ; 

a b a b or V 

Ex. 3, To find the area of a hyperbolic sector bounded 
by straight lines passing through the focus. 

Let CA = a, CS ^ ae, CN = w, PN = y, (Fig. 4.), 

also because x cannot be less than a, let x^a sec 0, and 
therefore y = 6 tan ; 

now area ASP = area JJVP + area of /SSNP, 

.-. c^,(areaJAS'P) = yH-^d,{(ae-a?).y} =i{y + (ac-a?)d,y^ ; 

.-. c?e(area JaSP) = ^ {yde^ + (o^ - ^) dey} 
= 1 {aft (tan0)^ sec0 + ab(e- sec0) (sec0)*} 

^ — {e (sec0)2 - sec0} ; 
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.-. aTea.ASP = — <etand -log^tan ("" + -)[> (const. = 0) ; 
for the area = 0, when ^ = a, and therefore = 0. 



It may easily be shewn that if 



«= >v/^+^ ^ 



z^aS'P= V, tan- = \/ tan-. 

Ex. 4. To find the area and length of the Lemniscata, 
which is the locus of the intersection of the tangent to a rect- 
angular hyperbola and the perpendicular upon it from the 
center. 

Let C and S be the center and focus of a rectangular hy-- 
perbola, (fig. 13.) therefore CS^CAy/^\ CP, SZ, perpendi- 
culars upon a tangent, CP = p, ACP = 0, AC = a ; 

then CP^=CZ«-ZP'=CJ^-C*S'^(siney = a*{l-2(sin0)^}, 

or p^ = a^cosSd, 

the equation to the curve, which is manifestly of the form 
represented, symmetrical with respect to the line AA' ; 

or Cb 

.'. area ACP = — ja cos20 = — sin20, (const. = 0). 

a* 
Make = 1^, then p = 0, and area APBC ^ — , 

therefore whole area = a^. 

Also arc AP = j& y/p^ + (da pY = o f / 

= — 7= / . , (makinff \/cos20s=cos0), 

v/i -/^ V^i -^ (sin0)« ^ ^ ^ ^^ 

which may be integrated in a series by Art. 125. 

Ex. 5. To find the area of the curve traced out by the 
intersection of normals to an ellipse which are at right angles 
to one another. 
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1 -(ntaney , , , . 

Its equation is p = e ^ ;--, and the whole area 

^ ^1-1- (ntan0)* 

= ^^7 ^ = ^(^"-^)% where c = — 7===:, andn=-, 

(l+«)' ^/^^Tl^ b 

a and 6 being the semi-axes of the ellipse. 

Ex. 6. To find the length and area of a Hypocycloid. 

CFy the radius of the fixed dnje, = o, (Fig- 15.) GF the 
diameter of the rolling circle ss2b, P the generating point at 
first in contact with B^ BPE the curve traced out in half a 
revolution; CP^p, CYj a perpendicular upon the tangent 
at P, ^p. It is evident that when the rolling circle is turning 
upon JP, the motion of P is perpendicular to JPP, and, there- 
fore, the tangent at P passes through G ; let CG ^ a — 2b = c^ 
then by similar triangles 



••^^^^ = -7^^= V^^,..^ 



for jEP = when /o = c, and .*. const. = 0. 

Hence making p^ a^ and doubling the result, 

DEB, the arc traced out in CMie revolution, = -^sSb ( 1 — ) ; 

o \ a/ 

this becomes =86, when a is infinite, as it ought, for the curve 
is then the common cycloid. 

I. 1 u u . i>D ^b^a-b) . FOP 

It may be easily shewn that arc BP = versm . 

a 9 
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Again, d,(area£CP) = i-^ = ^p x/JZZ 



Vp*-f 



cr 



= — doX . V a* - c* — »*, if » = \/p* - c* ; 
2a '^ ' 



.•. area 



2a\2^ 2 s/a^-^(?) 

= £ {^^'^'^- V^«^-/>^-H(«^-^) sin- a/^} 

(const. = 0, for area = 0, when /o = c) ; -therefore, making /o = o, 
and multiplying by 2, area BCDE = — . (a* - c*) Tr, 



c / 26\ 
and area BADE = (o^ - c*) tt + Trofe = 7r6'^ IS ) . 

4a ^ \ a) 



Ex. 7. To find the length and area of the involute 
a circle. 

Let AP (Fig. l6.) be described by unwinding the string 
PTkept constantly stretched from the arc AT-^ then PT is 
manifestly perpendicular to the curve, and therefore if PY be 
a tangent, and CY b. perpendicular upon it from the center, 

TY is a rectangle, and consequently p «= \/ p* — a^, making 
CP^p, CY^p, CA^a. Let^P = «, 

.-. ds = y ^ = C , .-. s == i— + C, and = - + C, 




'^^' 



-v/p2 _ p2 rt' " 2a 2 



.-. « 



2a 2a ^ a 



4 



if, therefore, the string be unwound from n circumferences, 
the length of P's path = 1^ ^^2n*7r^a. 
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Also area ACP = i f /^ . - ^ fpP>/ p' - "' 

It is manifest that the circular sector ACT equals the 
triangular area PCT; therefore, taking each of these sepa- 
rately from the area PTC A, we have area PAT- area PAC\ 
that is, the area between the curve and its evolute, is equal 
to the area swept out by the radius vector. 

^^ 139. The area of the nodus of a curve may be found by 

polar co-ordinates, as we have seen in some of the preceding 
Examples. It is sometimes, however, convenient to make t 
the tangent of the spiral angle the independent variable; in 
that case, since 

rffl J = \p\ dtA = ip'dfi = i p» (cos 0)* = ^ , .-. J = i y:*'. 

Hence since y = xt^ if we express w in terms of t from 
the equation to the curve, and integrate between proper limits, 
we shall have the area of the corresponding nodus. 

Ex. 1. j^ - Saxy + a^ = Oy Fig. 17. 

If the curve, of which this is the equation, be traced, there 
will be found a nodus to which the axes of w and y are tangents. 

LiCt y = ofty .'. r + i = o, or a? = ; 

therefore a? = when / = 0, and also when ^ = oo ; 

.'. A = — / ; ^rr = C 1 ; make ^ = 0, 

2 -^1(1 +0 2 1+^ 

.•. = C ; make / = oo , and area ABD = C = . 

2 9 
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Ex. 2. (w' + y^y = (aa^y - (6y)^ (Fig. 13.) ; 

whole area = ab + (a^ - 6*) tan"^ - . 

b 

Ex. 3. y* = ao?""^ (^ - my) ; 
area of nodus = 



^2^2«-l 



(2» - 1) (2» - 2) (2w - 3) ' 
Ex. 4. To find the area of the evolute of an ellipse. 

The equation is I - I + I ^ I = 1 ; where a = , p = ; 

a and 6 being the semi-axes of the ellipse. 



Make v = ar^; .-. a?t == — -5, where »=7r; 

s 2 1 

.-. d« J = — = — . -J ^ ^.,., ; let (Tif)* = x\ 

2 2 {l + (wO*} 



^ , Sa^ s^ 3a (i 



'[(i+x'y (i + «*)V' 



.-. j = 



2» ■ (1 + «*)' 2 A(i + «*)* (1 + «*y 

the integral must be taken between the limits ^ = 0, ^ = x , 

or )8f = 0, )if = w ; 

2 V2 4.2/2" "T~ Ifr' 

37r fa* — 6*^* 

therefore the whole area = — . ; — ^ . 

8 ab 

Also the length oi a quadrant of the evolute s difference 
df the radii of curvature of the ellipse at its extremities, 

6 a ab ^ 

therefore whole length of evolute = — r- («* - 6^). 

' ab 
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140. In the following examples, the revolving area is 
bounded by two curves, instead of a curve and the axis. 

Ex. 1. To find the volume of the figure generated by 
the revolution of the curve whose equation is 

about the axis of <r. 

The equation, solved with respect to ^, is 

and its form is seen (Fig. 18.), the lower sign producing the 
portion DBiy, and the upper sign the portion DAIf, 

When m is negative, the lower sign only is admissible, and 
gives the oval AE\ where AE = AB = a^/^^ and AF ^9,a. 



Hence volume generated by ACB 



23 na^ 



volume generated by CDB 

= (JL20 - jUflVs)^(2«V'4a'-a?') = ^^^ y 

since 9,as\/ ^c?—ixr = difference of squares of ordinates of CDy 
and BD ; also volume generated by AE 

K 3 

, , , /23 2 5\ l67ra^ 

therefore whole volume = ttct I -^ + - + ^ = — - — - 

\o 30/ S 

Ex. 2. If a circle whose radius = a, revolve about an axis 
in its plane, and c = length of the perpendicular dropped from 
its center on the axis, the volume and surface of the figure 
generated are respectively 27r*a'c, 47r*oc. 

141. We shall now give a few instances of finding the 
volumes of figures generated by the motion of a plane surface 
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parallel to itself, and increasing or decreasing in magnitude 
after a given law; it is clear a figure of revolution is only 
a particular case of this, the generating plane surface being 
a circle whose radius varies so as always to be equal to the 
ordinate of the curve or directrix. In other cases, if u repre- 
sent the area of the generating plane surface in terms of ^, 
and a the angle which it makes with the axis of a?, we shall 
have d^r=w since, and .-. V = sin a f^u. 

Ex. 1. To find the volume of a pyramid. 

Let abc (Fig. 19.) be a section of the pyramid made by 
a plane parallel to the base ABC; then the pyramid may be 
supposed to be generated by the motion of the triangle abc 
parallel to itself, and increasing in magnitude so as always 
to have its angular points in the lines VAj VB, VC. The 
triangles a6e, ABC are manifestly equiangular, 

area abc ^ (bey _ (VcY _ {Vnf 
''' area ABC " (BCf " (VCy " JVNf ' 

VN being a perpendicular from the vertex on the plane of 
the base; 

Aai^ 
or w = — — , if VN = A, F/i = ct?, area ABC = A ; 
n 

therefore volume of pyramid 

Aiir^ Ah 
"= (^=* "~ j*=o) -7^- = — = ^ (prism of .same base and altitude). 

fl 3 ' 

This result is true of any pyramid ; or of an oblique cone 
upon any base. 

Ex. 2. To find the volume of any segment of a para- 
boloid. 

Let QAq (Fig. 8.) be a segment of a paraboloid whose 
axis is AD^ then the bounding plane surface QGq is an ellipse ; 
suppose it perpendicular to the plane of the paper and to meet 
a section of the paraboloid through its axis made by that 
plane in Qq, Bisect Qg in F, and draw PV parallel to AD^ 



r 
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and let PVG be a section of the paraboloid made by a plane 
through PV perpendicular to the plane of the paper; then PgG 
is a parabola similar to the generating one, and QV and VG 
(which is perpendicular to QY) are the semi-axes of Q,Gq\ and 
any parallel section Mgm is an ellipse with semi-axes MN^ 
Ng^ by the motion of which parallel to itself the paraboloid 
may be supposed to be generated. 

Let PJV=a7, SP^p\ then MN-2y/pw^ Ng=2\/mw^ 

.'. area Mgm = Aurxy/ mp\ and the inclination of PN to the 
plane of the moveable area is z PNm ^ 0, 

.-. d, r = ^ir\/mp sin da?, 

F « 2 iry/mp sin Oa^^ (const. = 0) ; 
.-. volume QPg=27r\/mpsin0.(PF)«=^47r\/m^.PF.PF8in0 

= ^(circumscribing cylinder tq). 

Ex. 3. If about a circle which generates by its motion 
a solid of revolution, a regular polygon be circumscribed in 
every position, so that the points of contact may be always 
in the same planes, to find the volume, and area of the surface, 
of the figure generated. 

Since the area and perimeter of the polygon will be always 
proportional to the square, and the simple power of the ordi- 
nate, if V and S be the volume, and area of the surface 
generated, we shall have 

dgV = m^, dgS = nydgS. 

Suppose the directrix a circle, and the polygon a square, 
the figure generated is called a groin ; 

and since m = 4, n = 8, jr = 2ax - ar, d^s = - , 

y 

V = 4f,(2ax — <rr) = between the limits «t = 0, »r = a, 

S = sf^a = Sa'y between the jjame limits. 
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142. We can always approximate to the area of a curve 
by the method of equidistant ordinates. 

Let It be required to find the area PNKU (Fig. 20.) 
included between the ordinates PN^ KU; divide their distance 
NK into an odd number (n-^ l) of parts, each = A, and call 
the ordinates drawn through the points of division aj^ (hy^^n-u 
and the extreme ordinates ^i, a„. Through the extremities 
of the three first describe a parabola PQR having its axis 
parallel to the ordinates of the curve ; this is possible, because 
a parabola can be made to satisfy four conditions; draw the 
chord PR which will be bisected in V by the intermediate 
ordinate, and wiU be parallel to the tangent of the parabolai 
at Q; therefore (Ex. 8. Art. 137.) area of parabolic segment 
PQi?F= ^circumscribing parallelogram 

= -Qr.NL = — {a,-i(a, + a3)}, 
and area of trapezium PRLN = 2 A . 



2 ' 



therefore whole area 



4 2 h 

PQRLN=h {«! + ©3 + -ttg - - (cti + Og)} = -(«! + 4fa2 + a^); 

3 3 3 

similarly, describing a parabola through the points R, S, T, 

area RSTML = - (^3 + 4a4 + a^^ &c. = &c. 

S 

Hence, by addition, the sum of the parabolic areas, which 
is a near approximation to the curvilinear area PNKU^ 

= - (Oi + £i„ + 4^2 -I- 2% + 4a4 4- 2^5 -H &c. -H 4a,_i). 

Hence the Rule. Add the first and last ordinates to four 
times the sum of the even, and twice the sum of the odd ones,^ 
and multiply by ^ the common distance of the ordinates. 
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SECTION IX. 



BLLIPTIC FUNCTIONS. 



Art. 143. The last case of integrating explicit functions 
of the variable which we shall consider, is an extensive class of 
transcendents, of which the elementary forms are 



^'(^) - L 



e\/l-c*(sin0)*' 



^c(e) = /o\/i-^'(si«^)% 



[ — , 

{l + n (sm0)«} -v/l-c*(8in^)' 

These three, denoted by the symbols F, JE, n, are called 
respectively Elliptic Functions of the first, second, and third 
orders; they are all comprized in 



i 



a + 6 (sin Q)" 1 

'e 1 +n(sind)*\/i -c*(8ind)'' 

which is the general form of elliptic functions. The origin of 
each of the integrals is d = 0, and its extent is determined by 
the variable Q which is called its amplitude; c is always < 1, 

and is called the modulus, and vl--^, denoted by 6, is 
called the complement of the modulus ; the constant n which 
is found in \l^{n^O) is called its parameter, and may be 
positive or negative. The reason why they are called elliptic 
functions is, that aE^ {&) is the expression for the length of an 
elliptic arc found in Ex. 11. Art. 137 ; and F^{0) can be repre- 
sented by the arcs of two ellipses, as we shall shew; the 
appellation is less appropriate as far as regards elliptic func- 



y 
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tions of the third order. When the superior limit of the 
integrals is = — , they are called complete functions, and are 

denoted F^, jE^, n^C^), suppressing the amplitude. The 

quantity \/l -^e^i&inOy is denoted by A^ (0), or by A simply 
in investigations in which only one modulus and one amplitude 
enter. 

144. In the expressions F^O), E^{9)y the modulus c an- 
swers to the base of a system of logarithms ; and tables to a 
certain extent have been constructed by Legendre, whereby 
their numerical values, corresponding to a given modulus and 
amplitude, may be found. Since n^Cw, 6) involves two con- 
stants, the formation of tables of elliptic functions of the third 
order is almost impracticable ; but there are many cases where 
they can be expressed by functions of the first and second 
orders ; when they are complete, this can always be effected. 



145. All integrals comprised under the form 



r ^W 



can be made to depend upon the elementary integrals described 

above ; we perceive, therefore, the importance of this theory, 

and the extension it gives to the domains of Analysis. The 

rR (w) 
object of the present Chapter is first, to reduce / —7== to 

•'* V Jf 
the simplest integrals of its class, and to shew that they are 
identical with the three elliptic functions; and secondly, to 
give the mode of calculating the numerical values of the 
latter, in order that Problems dependent upon integrals of 

the form / . — may receive the same complete develop- 
ment, as if they depended upon integrals capable of being 
expressed by logarithms or trigonometrical functions. 
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R(.v) 



146. The analysis of i —p is most 

conveniently effected by three principal steps. 

1 . Transformation into an integral of the form 






R{(sin0y\ 



2. Transformation of the above into / . ^ ' . 

•^e Vi - c« (sin Oy 



3. Reduction of the above to 



f ( ^ +^ + C(sin0)*) ^ — 

These will form the subjects of the following Articles. 
147. To transform 

R(af) ' . r ^i^ 



/ / - — -: into / y ^. 

^' V a + bjff + ca^'\- ea? +/»? ^' V (/ + g^)(A + *^^) 

We shall begin with the transformation of / . — , from 
which the other can be easily deduced. 

Let JT be decomposed into two real quadratic factors, so 
that we may have 

a -{- bw + cai^ '\- ear^ +fw* = (a + 2/3a? + 7/»^)(\ + 2/a^ + 1^^; 

this, we know, is always possible, the determination of the 

coefficients a, )3« &c. depending upon a cubic equation whose 

' last term is negative, and which, therefore, has a real positive 

root ; also let <r = , p and q being two unknown 

constants ; 
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.•..X= {a(l-^xY +2/3(1 -^x)(p + q%) + y(p + qxy}x 
{X(l + xY + 2m (1 + x)(p + qz) + i; (p + qzf} . ^ , ; 

and. in order that the odd powers of % may vanish, we must 
have 

a + )3 (p + g) + ypq =0, X+/ia(p + 9) + vpq = 0. 

These equations of course give possible values for pq and 
p -^ q; but the values of p and q will not be possible, unless 
(p + g)* — 4fpq be positive ; that this is the case, may be 
thus shewn. 

1. Let the roots of jr=0 be not all real, and let 
a + 2/3^ + yaf^ = have its roots imaginary so that ay > fi^ ; 
now the former of the above equations gives 

which is positive, whether the roots of the other quadratic 
factor be real or not. In the same manner, if it be the factor 
\ -I- 2fiw + votr^ = whose roots are imaginary. We may shew 
that the value of (p - qY is positive* 

2. Let the roots of X = be real, and represented by 
a, 6, c, d in order of magnitude ; and among the three ways in 
which X can be resolved into its quadratic factors, let that be 
taken which groups the two greatest, and two least roots 
together, so that 

a + 2/3ci? + yai^ = ^y (a? - a) (of - 6), 

\ + 2ju.x' -\- vo^ = 1/ (a' - e) (a? - rf); 

A A 
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then the equations for determining p and q are 

ab " ^ {a -^ b)(p + g) + pq ^ 0, 

cd- ^{c •{■ d)(p + q) -^ pq ^ 0; 

from which, by forming the value of (p + qY - 4jp9, and 
reducing, we shall obtain 

{p - qy _ (a-c)(g-d)(6-c)(6-d) 
2~ "* (a -I- 6 - c - d)* ' 

which is positive, 'r a and b are both greater than c and d. 
Hence JC can be reduced to the form 



also d^w = - . , .{ ; 

(1 + i»)^ 



into 



therefore the proposed integral I —j= will be transformed i 



V if + g!^')i.h + k?y 



It is not necessary that X should have all its terms, we may 
have /= 0, or e = 0; the only restriction is, that we must not 
have b and e each = 0, and A^afx?; for then the quadratic 
factors of X are imaginary. 

148. By the substitution of the preceding Art., R{x) 
becomes a rational function of ^, which, whether it be inte- 
gral or fractional, may be reduced to the form 

Ri («2) -^xR2 (x^) ; hence J —j=== becomes 



\ 
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the latter of which, by makiDg %^ = y, may be further re- 
duced to 

A r R{y) 



± f 

and is integrable by the common rules, Art. 49,. Case iii« 

r S(a?) 

Hence / — may be made to depend upon 



X 



\/(/ + «riK*) (A + &«»)■ 



149. To transform 

r R^^) into r ^{(^'°m ,<i 

J' \/(/+^«*)(* + *«*) •'e -x/l - c* (sin 0)* 

We shall begin with the transformation of 



This is most conveniently done by considering separately, 
the different forms which each of the factors of 

\/ {f + gs^(h + ks?) 

may have, and the different ways in which they may be com- 
bined ; it will be seen that every possible case is comprized in 
the following. 

1. Let Z = w* (1 + pV) (1 - (fsi?). 

Since qx cannot exceed 1, let ^^^ = cos d. 



\ 
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sino 






^ (cos ey} 

where c = ■■ . r . 

2. Let Z s= m* (l + p*^*) (i2f* - 9*), and since x is always 
> q^ let «f = ^ sec 0, 



•/* a/t: Jfl 



9 sec tan d 



\/Z '^emqtanO \/l + (p g sec 0)^ 

^ 1 /• 1 - ^ r ^ 



where c = 



sin ey 

1 



\/rTpv 



3. Let Z = m^(l +pV)(l 4- g^^*), and suppose p>9; 
let px = tan 0, 

- (sec 0Y 

., r_i_ . f P \ 

p^ ' 

^_L /• ^ = _L f ^ 

•'" 'V (cos 9)* + \ (sin 0)' '^ ' 

p 

where c = " i- . 

P 
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4. Let Z ^fn^{l •^p^%^)(l - q^x^), and suppose p>q; 
since px cannot exceed 1 , let px = sin 0, 



•*• /./ 



1 

— cos 

p 



^^ J^ m cos e Vl-^ (sin ef 



p2 



= / — > ■ , where c = — . 

^P ^e y/\ --c^(sin0)^ p 

5. Let Z = m/^ (»* - g*) (p^ — «*), and suppose p > qi 
let i^r = 9 sec d, 



X^/'Z Jo 



qsecO tan d 



y/Z Jemqtaue^/^^Zr^J^oy 

1 r 1 - ^ r ^ 

" w» Je y/p^ -(f-p'' (sin 0)^ ~ mp Jq y/c^ - (sin 9)' 
where c = . Let sin = c sin 0, 

Jr 1 \ r c cos ^ r ^ 

x\/~Z mp J<t> COS 0,c COS (p mp J<t> ^\ - (» U\ 



2 



sm ^) 

This transformation might have been effected immediately, 
by making 



1 - (sin QY 1 - ^ (sin <^Y 

150. All the above substitutions are comprehended in 
the form 



x^ 



m^ + n^ (sin Oy 

p^ + qX^inOy" 
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if then we make this substitution in 






it will be transformed into 

R{(siney} 



I 



ey/i -c*(siii0y* 

151. When the quadratic factors of Xare imaginary, as 
noticed at the end of Art. 147., it will be of the form 

X = \* + 2 X)ua?^ cos a + fi^jp^. 

^ /X 
Make a? = \/ - tan - , 

.-. \^ + 2XM«»*cosa + M*«*«X*|l -i-2cosa (tan -j + (tan -j > 

= X^ (sec ^) {l - f sin ^V(sind)'}, 

Jr 1 /• CLqCS 

'Vx^ U~( fly. / / . a\\. .^, 

* X I sec - 1 y/ 1 - I sm - 1 (sm Qy 

= ; — / — J , where c = sin - . 

2v^Xm ^^y/\ -c*(sine)^ 2 

152. To investigate formulae of reduction for 
/ ■ ' or / y — - — -— - - , ^ (mahngsmgajr). 
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First let R (a?*) be an integral function, then each term in 
r — \=2- will be of the form / — 7=, the formula of reduc- 

tion for which is (Art. 58. Ex. 1.) 

/• ay^*" ^ij^'^-^y/lt 2m -2 1 + c* /^^ 
Jxy/x " (2m - ly "*^ 2m -1 * c^ X y^ 

2m -3 .1 r ar"^-'* 
"* 2m - r c^ X V^A' ' 

or, restoring the value of a?, and putting ^ for v^l-c*(sin 0)% 

r (sin fl)^*" cos e (sin e^"^"" A 2m - 2 1 + c" /.(sin^)^ 
Je A ~ (2m-i)c^ 2m-l c* ^0 A 



2m -3 1 /•(sinO)^'"-^ 
2m 



- 3 1 r (sin 0] 

'^'^ Je A 



By this formula, / — ■ — — can be made to depend upon 

/• (sine)' ^^^ .J^ 

that is, upon an integral of the form 

fs\A + B (sin ey}l. 

153. Secondly, let R{w^) be a fraction; it may be re- 

N 
solved into partial fractions of the general form -. -— , 

their number being equal to the dimension in w^ of its denomi- 
nator, and N and n being constants real or imaginary. Hence 

r R (a^) 
every term of / — -p=: will be of the form 

''* y/ X 



N 



f \ 

J* (1 + nx' 



Ty/Jf 



/ 
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Make l -f no?* = x^ 



1 4- c* c^ 

.-. ^=i-L±i:(^-i)-H-,()^-i)* 



= 1 -H 



n 






= a + /3» + 7iif*, suppose ; also, d^w = — j= . ; 

2 V n viif — 1 

.'. N I 7 or- — 7= becomes 

putting Z=:-a + (a-)3)»+()3-7)a?2H- 7«^. 

This integral, by Art. 6l, can be made to depend upon 
three similar oiies in which the index of % is increased, by 
differentiating ;^~'""'"^ \/2, which gives 



+ ^ ^ (a - /3 -f 2 (j3 - 7) «f + 37 «r') ^ 

(/3~7)^^-fm-^)7^^}; 
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therefore, integrating, 

.-*Vz =(»-.)<. jTpr^ -(»-?)(« -/3) /^^ 

Hence dividing by 2\/n, and restoring the value of ^, 
in which case \/Z = ^/n sin Q cos d A9 

sin COS A , V wr / v/ m wr 

- (2m - 4)(/3 - 7) F,_2 - (2m - 5) 7 F„_3. 

Hence F^ will at last depend upon Fi, F^, F_i, that is upon 
an integral of the form 

^e [1 + «(sin 0)^ j A 

hence whether i?{(sin0)^} be integral or fractional, it is 

demonstrated that every term m / — ^-- ^-^ can be made to 

^ A 

depend upon one or more of the elementary forms 

B B 
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154. We shall now apply the preceding methods to 
obtain certain results, some of which will be required in the 
advanced parts of the subject. 

/I 
. by an elliptic function. 

* V 1 — 0^ 

Assuming a? = , we find p = l + \/S, g = 1 — y/s ; 

and if rn? »= 7= , or m s tan 15", the transformed integral 

"-^rXvP^rfc^^ hence, making « = sece, 

lvTr7 " - ^X vi-c'(sing)» °- :^^'<'> ^ ~°**- 

where c = cos 15° = t=- , and « = — vs ( tan -1 + 1. 

2v^ ^ V 2/ 

Ex. 2. To express X |i -c»(sine)»}i ^^ *" ^'^P'^'^ 
function. 

The formula of reduction for X ^i-^(lg)«}-^ = »^- i« 
'''^°^"^^=-(2m-3)6«r,.. + (2™-4)(i + 6*)F._. 



.2ai-3 



making ^i = - c\ in the general formula, so that a = 0; 

r*sin0cos0 
let w = 2, .-. = - 6- r, -h r_i. 
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^ 1 c* sin cos 



By making cot d = 6 tan 0, we find 



2m~l 



r 1 1 *"»- * 



hence (/,,^ - /e^.) -2-, = i. (/^^ ^ - /,^,) A—. 



' 7 . . ^^2^^ , by elliptic 

functions. 

Restoring, in the general formula, the values of a, /3> 7, 
and making m = 2, we find 

sin cos A / 1 +c^ c^\ 

— — —-— = 21 + + -1 M^2 

1 + w (sm 6y V n n^J 

« «* ^e A » •'e \« /A 



c* 1 



-F,(0)--|£.(0)-F„(e)}, 



■■ ^ V "^ «/ I' "^ «) X {1 + n (sin 0)--'}'', 
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sin d cos A 
1 + n (sin Oy 



i+-0+c«) + — |n,(«,0) 



We shall next give the particular reduction of the follow- 
ing algebraic expression to the elementary forms. 

155. To reduce «= fi , ^^^ . - f 1 

J' Wa* + 2a/3 cos «a»» + /3'a* /3/ 



or 






to functions of the first and second orders. 

The term — ^ is added, in order that the value of the 

integral may continue finite, when <r is indefinitely increased 
In the first place, in order to make the quadratic factors of the 
quantity under the radical real, 

let fioB^ H- a cos a + y/a^ + 2a/3 cos ajr + /8*dr* = 2a«^y 

and y/ X - 2az^ - (/3jp* + acosa) = a I J2f* + ;;j^) » 

a ( (sina)'\ \/X 

A li±i^ s\V^ if^^^ s n^\ ' 

,, \/ X a a (sin a)" 
but r" r— = — ^ cos n r . 
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get 1 

/--g-{coso + — (sino)^} 

V a/3v^* "S^cosa-^ (sin ay 
where the quantity under the radical 

= {.^-(cos^)].(^ + (sin^)]. 

« a 

Now make j^ = cos - sec 0, .-. de« = cos - sec tan 0, 

and p - (^cos ^) |. p -H (sin ^^ | 
= (cos-j (tan 0)* I (cos -sec 0)*+ (sin~j > 



2 



= (cos - tan sec 0)^ { 1 - f sin -] (sin 0y] ; 

/ - ^ ^ jcos « + 2 (sin - j (cos 0)4 

a/^ V 1 - (sin -y(sin0)2 

//3-^a + 2^ac«(8in0)2 . « 

= -Tj — 7== — 7====== 5 where c = sm -; 

/3x/ai3\/l-c2(8in0)2 2 

the origin of the integral being d = 0, which corresponds to 
<r = 0, because 

■jz J tan V 1 - c^ (sin 0)^ ; hence when = -- , ti? = oo , 

and to obtain the value of u between the limits a? = 0, a; = oo , 
we must take complete functions in the above expression. 



198 

Hence, X'^^ = ^^+^ = "+| v|tan0^/l-c*(8in0)^ 

156. Having thus shewn the mode of reducing the integral 
/ — -j= to the simplest form it is susceptible of, without di- 

minishing its generality, we proceed to the particular con- 
sideration of the elementary forms Fc(<l>) and Ec((j>); and first 
to the comparison of functions of the same order relative to 
the same modulus, which will furnish us with formulae for 
their addition and subtraction. Since all the functions in- 
volved have the same modulus, it may be suppressed, for the 
sake of simplifying the notation. 

157- If <!> and yf/ are dependent upon one another by the 
transcendental equation 

they are also dependent upon one another by the algebraic 
equation 

cos <p cos >|f — sin sin \^\/l — (f (sin o*)* = cos o*. 

Consider (f) and yj/ each as a function of another variable t; 
therefore, differentiating the above equation, since a* is a constant, 

dt<p djylf 

y/\ -c^(sin0)* \/l - c* (sin >l/y 

As we are at liberty to assume to be any function of ^, 
and then this equation will determine the corresponding func- 
tion which expresses >|^, let the function of t which expresses 
^ be determined by the equation 

rf,0=V'l-e*(sin0)-; .-. rf^x/. =-^1 - c? (sin >/.)*. 
Square these equations, and differentiate, 

.-. rfj*0= - ^<^sin20, df>//^= -^e-sin2>/f, 

•. rf|*(^±>/f)= -ir*(sini>0±sin2>^); 

or, if + \// = p, (f> -yj/ = q, 



= 0. 
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d^p = - c^ sin p cos q^ d^q = — c^ cosp sin q ; 

elsodtp,dtq=(dt(l>y-(di\f/f^ -c^{(sin0)*-(sin>|/)^} = -c^sinpsin^; 

dt^p cosq dt(sinq) d^q di{diip) 

•'• -r — *= ^i5' -■: ^ : 5 "3 — = — ; > 

a(/) smg sing diq sm^ 

.•. dtpsCsinqr, diq— Ci^mp (l) ; 

and Ci sin jjdjjj = C sin gd^g, or Cj cosp = C cos q + Cg. 

But if >/f = 0, F{<f>) = ^(0-), .'. = 0-, and p^ q=: a^ 

.'. Cg = (Ci - C) cos cr ; 

.'. Ci ps (^ + >//) = C cos (0 - -v//^) H- (Ci - C) cos cr, 

or (Ci - C) cos^cos>/^ - (Ci + C) sin sin >/f = (Ci - C)coso'. 

But making >^ = in equations (l), after having put for 
dtp, dtq, their values 

\/l - c^ (sin^)'^ - V^l - c^ (sin>|,)% 

and vl — c^(sin0)^ + y/l - c^ (sin\|/^)^, we have 

\/l - c* (sino-)^ - 1 = C sin cr, \/l - c^(sincr)^ + 1 = Ci sin cr,' 

.-. 2\/l - c^ (sin cr)^ = (Cj + C) sin cr, 2 = (C^ - C) sin cr ; 
hence, by substitution, 

cos ^ cos yjr — sin sin >^\/l -c^ (sincry = cos cr, 

which is the fundamental equation, from which all properties 
of elliptic functions, where the modulus remains unchanged, 
can be deduced. 

158. The equation 

cos cr = cos <]> cos >|^ — sin ^ sin >|^\/l — c^(sincry 

expresses how the amplitude cr of a function, depends upon 
the amplitudes of two functions of which it is the sum. If 
we clear it of the radical which it involves, we find 

(cos (py H- (cos yj/y + (cos cr)^ - 2 cos cos \|/ cos cr 
^ I — c^ (sin sin \|/ sin cr)^; 
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add (cos yff cos cr)^ to both members, and transpose, 

.-. (cos <!> — cos y\f cos o*)* = 1 — (cos >|^)* — (cos a)* 

H- (cos >|^ cos cr)* — c* (sin ^ sin y\r sin <r)* 

= (sin >|^ sin (r)*-c*(sin sin>//^ sin<ry=(sin\// sin (r)*{l— c^(sin 0)*}; 

.*. cos ^ = cos y\f cos o* + sin >|^ sin o-^v/l — c^ (sin ^)* ; 

(taking the positive sign, as we must have >fr = o*, when = 0); 
this equation expresses how the amplitude of a function, 
depends upon the amplitudes of two other functions of which 
it is the difference. 

Similarly, cos y\r = cos ^ cos o- + sin ^ sin o- \/l— c*(sin'^)*. 

169. Hence, having given two functions F({fii)y Fiyjr), 
if we wish to determine a function F((r) equal to their sum, 
we must have 

COSO- = cos <f> cos >|/ — sin sin >^\/l — c^ (sin o-)*, (l) 

.... . sin<6cos\l/ A(\^) + sin>^cosd>A(<6) 

which gives sm o- = ^- ^- — }-^, r-^- — --^t- — ^^t-:^ ; 

1 — <r (sm <f> sm >^)* 

if we wish to determine a function F(S) equal to their dif- 
ference, we must have 

cos S = cos ^ cos yfr -{- sin(p sin >^\/l — c^ (sin S)% 

... . ... sin cos \//^ A (\//) - sin \1/ cos d> A (\^) 

which gives sm 3 = — -^ f- — y. - ,^. — ^^^ • 

° 1 -cr{sin(l>sin\{fY 

• ^ (sin 0)2 - (sin %^y 
Hence, sino-smi=- — J' ^ - \\. ' 

1 — cr (sm (p sm y)* 

If c=0, these values of sin o*, sin S, coincide with sin (0+>^), 
sin (0— ^l'), as they ought, for -Fc=o(0)=0- 

160. Ifcr = -, F = F(0) + F(>/.), 

and the equation connecting and yf/ becomes 

\/l - c' tan tan >//^ = 1, or 6 tan tan >//^ = 1. 
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and cos a = (cos tj))^ - (sin (plfy/l - c^ (sin cr)^ ; 
which may be transformed into 

tan - = tan d)\/l— c^(sin<i)% or (sin (bY = .. ; 

the first gives the amplitude a* of a function that is double 
of a proposed function, and the second gives the amplitude 
of a function that is half a given function. 

161. The amplitudes o-, 0, >|^, may be represented by 
the sides of a spherical triangle, as the form of the funda- 
mental equation would lead us to infer. 

Let the sides AB^ ACy BC of the spherical triangle 
ABC (Fig. 21.) be denoted by cr, 0, >//; then the opposite 
angles C, jB, A, will be such that 

cos o- - cos d> cos i// /:; — — — — - 

cos C = . ^ / , — - a - VI -c^ (sm o-y, 

sin (psinyj/ 

cosB = y/l - c* (sin 0)^, cos A = \/l -c*^ (sin>|^)^; 

sin C sin ^ sin A 



c = 



sin o*- sin (p sin >j> 



These equations agree with the known properties of sphe^ 
rical triangles, and shew that if a spherical triangle be con- 
structed with one obtuse, and two acute angles, such that 
the ratio of the sine of each angle to the sine of the opposite 
side is equal to the modulus e, then its three sides cr, 0, \j/^ 
satisfy the equation F^rr) = F((p) + F(\f/)y (t being the side 
opposite to the obtuse angle. 

162. Hence we can verify the results of the preceding 
articles. Let the angle C and the opposite side <r remain 
constant, whilst the other two sides vary; and let «6 be the 
consecutive position of AB\ from the point of intersection O 

CO 
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as pole, describe arcs of small circles aa^ Bfiy therefore 
afi^Ba; and AB ^ ab^ therefore Aa^hfi^ and ultimately 
— 50 cos -4 = 5>^ COS 6; 

,. . - cos 6 ^yif cosB ^ , 

.-. limit of 7'ir- = — 1> or 7»<feV= — 1 ; 

cos^ a^ cos -4 ^ ^ 

1 1 ^ . 



cos jS cos A 
1 



or 



—7==== + — 7==== d^^l/ = ; 
\/l-c^(sin0)« \/l-c^(sinx/.)* ^^ 

r. F(0) + F(>/f) = C = F(cr), for = 0-, when>/r=0 
and consequently F^yf/) = 0. 

163. Hence also we can abbreviate our operations, by 
availing ourselves of the known relations among the sides of 
a spherical triangle. Thus, having given two functions to find 
the amplitude of a function that is equal to their sum, instead 
of solving equation (l) Art. 159- to find o-, we may proceed in 
this manner. Let ABC Fig. (22) be a spherical triangle con- 
structed so that its three sides satisfy the equation 

F(a) = F(<p) + Fi^) ; 

from the obtuse angle draw CD, the arc of a great circle, 
perpendicular to AB; 

.'. tan AD = cos^ tan0 = tan0\/l - c^ (sin >|/^)^ = tan A (x//^) ; 

similarly, tan BD = tan \{fA (d)), 
.-. cr = ^2> + iBZ> = tan-^{tan0A(>/f)} + tan-i{tan>/rA(0)}. 

Again, supposing > >/f, make CE^y^/^ AE=^S; then the 
sides of the triangle A EC will manifestly satisfy the equation 

F(5) = F(0)-F(>/.), 

and 5=^Z>-5Z> = tan-» {tan0A(>//)} -tan-^{tan>/fA(0)}. 






I 

N 
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4 1 , ' ^ ^xo (sin d))^ - & (sin y\f sin d))^ 

Also (sm AVf = 5^ \/. , » ^x/ ' 

^ 1 -c?^(sin>|/sin^)^ 

rsin /?/>^« = (sinf)^~e^(sin0sinx|.)^ 

^sin //x^j = — —— — -— -— , 

1 -c (sm sm y)'* 

.-. sin cr sin 5 = (sin ^2>)«-(sin BVf = (s^"J^)'-"(^^^^) . 

164. Again, let 0,^i, 0„, 0„+i, denote the amplitudes of 
functions that are respectively (n-1) times, n times, and (w+1) 
times, a function whose amplitude is 0^ 

.-. F (0„+O = (n + 1) F (^,) = F (0„) + F (<^,). 
F (0„-O = (n - 1) F (<^,) = F (0„) - F (<^0 ; 
hence, by the preceding Art. 

0«+i = tan-^ {tan0«A(0i)} + tan-^{tan0iA(0„)j» 
0„_i=tan-^ {tan0„A(0i)}-tan-^ ltan0iA(0„)}; 
consequently, by addition, 

tan (^(l>n^i +i0n-i) = tan 0„A(0i). 

Let n = 1, 2, Sec, .'. tan (^^) = tan 0i A(0i), 

tan (^03 + ^0j) = tan (j>2 A (0i), &c. 

thus by successive substitutions, we can readily compute the 
amplitude of a function which is a given multiple of another 
function. 

166. To find the amplitude of a function which is a given 
part of another, is more difficult ; for it requires the solution 
of the equation between sin<^„, and sin^j, which would be 
formed by eliminating 02? 03? &c. 0„_i between the equations 
in the last article, tan(^02) = tan0jA(0i), tan (^ 03 +^0i) 
= tan02A(0i), &c., tan(^0„ H-^0„.2) = tan0„_iA(0i); the 
degree of which increases very rapidly with w. We shall shew 
the method in the following example. 
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Ex. To trisect a complete function. 
Let <^ = ^7r, .-. tan(^7r + ^<^i) = tan02A(<^i). 
But F((p2) + -f (^,) = Fj .'. h tan 0j tan 0^ = 1 ; 

.-. -7^ = - cot <^i A (^i), or b sin 01 = (l - sin^^) A (0,), 

or 0*0?* — gc^JT^ + So? — 1 =0, making <r = sin0i, the equation for 
finding the required amplitude, which has only one real positive 
root. 

166. As an instance of the application of the preceding 
results, we shall take the arc of the Lemniscata whose length 

JP = cFc((p)9 where c = 



and the Z <^ is such that CP = cos 0, supposing -4C = 1, 
(Fig. IS.) see Example 4, Art. 138. 

Let JQy AB be two other arcs whose amplitudes are 
>^ and (t; then if 

cos (T = cos (f) cos \// — sin sin >|r \/ 1 - ^ (sin cr)^ 

^^^ ha^'^ AB^AP + AQ, 

from which fundamental equation, the following results may 
be deduced. 

1. Let cr=— , then the radius vector CJ8=0, and ^5 be- 

comes the whole arc AQC; .. AP = AC - AQ- CQ; the 
amplitudes of AP^ AQ^ being connected by the equation 

I /~ X .v« 1 — (cosx!/)^ 

tan tan y = v 2, or (cos ©)^ = ; ^ ; 

' ^ 1 + (cos yf/y 

and consequently the radii vect6res CP = p, CQ = p^y by the 

equation p* = ^ . If P and Q coincide, >/f = 0, 

l+/of 

.-. (tan 0)' = -s/T^ and cos = \/2i - 1 ; 
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hence the whole arc is bisected in a point whose distance from C 
is\/2^-l. 

2. Suppose P and Q to coincide, when CB is not = 0; 
.'. AB = 2AP\ and the corresponding amplitudes are con- 
nected by the equation 

tan - = tan (by/ 1 -i(sind))S or (sin (hf = =; 

by means of which we can determine an arc that is double, 
or half, of a given arc. For instance, if be the amplitude of 
a quarter of the whole arc ACy 

2i-x/2-2'i 

•.• cos (T = \/2^-l, where cr is the amplitude of half AC. 

3. Let the whole arc be trisected in P and Q, and 0, >|/, 
denote the amplitudes of -4P, -4Q; then, because ^Q is bisected 

in P, (coscpy — (sin (fify/ 1 - ^ (sin \|/^)^ = cosx^; and because 

CQ= APf tan0 tan>|^ = \/2; letcos0 = a?, 

hence, substituting and reducing, 

V 1 + 07^ - V 1 - a?^ = V 1 -0?* ; .\ 0? = cos = (2 v/i - 3)^, 
and the chord CP, subtending two-thirds of the whole arc, 
= (2\/F- S)L 

We proceed next to investigate formulae for the comparison 
of elliptic functions of the second order ; they all result from 
' the following proposition. 

167- The same relation among the amplitudes, 
cos a = cos cos >|^ — sin sin >|^ v 1 — c^ (sin cr)^, 

which gives F((f)) + P(>//) - jP(cr) = 0, 
gives E((b) + £(>!/) - -E(/rt = c^ sin sin >|f sin cr. 
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Since yf/ is SL function of (p by virtue of the equation of 
condition, we may assume 

£(0) + £(>/,)-£(<r)=/(^); 

COS (b — cos yj/ cos cr cos \lr — cos d) cos cr , . , . 

= \ , 7 + \ , T dw,>^ (Art. 158.) 

sin yjf sin cr swi^ sin o* 

1 ^ 

= — ; — T"^ — : — : dd» I (sin d)V+ (sin \lr)*+2cos (b cos \!f cos o-} . 

2sin0sin>//sincr '»'«^ ^^ ^ ^^ t- r > 

But (sin (py + (sin >^)* + 2 cos cos >// cos cr = 1 + (cos <r)* 

-f c^ (sin sin \f/ sin a)S 
.-. d^(<p) = c^d^ (sin sin yff sin c) ; 
.". f(<p) = c^sin sin \^ sin cr, 
no constant being added *.- /(0) vanishes when = 0. Hence, 
JE (0) + £(>/') - £(0-) = c* sin sin >^ sin cr, 

which is the general equation for the comparison of elliptic 
functions of the second order. 

168. The different forms which the fundamental relation 
among the amplitudes, 

cos cr = cos cos yp — sm(j> sin yj/y/ 1 — c^ (sin a)* 

was made to assume in Art. 159, in reference to the equation 

F{<t>) + F(yl.) - F(a) = 0, 

are all of course applicable when 0, yf/y a are considered as 
satisfying the equation 

jE(0) + JE(^) - JE(a) = c*sin sin >^ sin o-, 
or, more generally, 

^(0) + ^(^) ~ ^(<^) = ^ sin sin >^ sin <r, 

denoting by (?(0), -E(0) + *'^(0)> ^ being any constant 
coefficient. 
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•T . 



169. Make o- = -- in the equation 

E{<p) ^E{y\t) --E(a-) = c^ sin ^ sin\// sin a, 
.-. JE (0) + JE(x//) - £ = c'sin0sin>/., 

and the equation connecting and \//, becomes 6tan0tan>|/ = l, 

cos>^ 
or sin0 = — 77--; 

c^ sin vl/ cos ylf c^ sin d) cos d> 

because (j) and >/^ are similarly involved. 

If <^=>/. = 0, 2£(0)-£ = c*(sin0)« = c^^Jl + (cot0y} 

c« 1 

= =1-6, •.• (taxiey = 7 ; 

and its complement £ - £ (0) = ^ £ - ^ (l - 6). 

170. Again, in the general equation, let = >//^, 
.-. 2£ (0) - £ (cr) = c^ (sin0)2 sincr, 
the relation between (j) and o- being 

coso- = (cos0)^ - (sin0)* \/l -c^(sin(7)^; 
which, as in Art. 16O, may be replaced by 

tan- = tan^A (<j)) , or (sm0) « — — -•; 

the first gives the amplitude of a function that differs from 
twice a given function by an assignable algebraic quantity; 
and the second, one that differs from half a given function 
by an assignable algebraic quantity. 

171* Lastly, if 029 039 &<^- ^^ the amplitudes that satisfy 
the equations ^F{(p^)-F{(p^^ 3jP(0i) = F(03), &c. the values 
of which may be obtained. Art. l64; and if in the equation 
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-E(0j) + E{\l/) - E{(r) = c^sin^isinx/zsino-, 

we chaDge ^ into 0j, 0^, &c., 0^_i successively; and, conse- 
quently, a into 02> 03' &^*> 011 9 ^y i^&son of the equation 

by adding all the equations so formed together, we find 
nE (0j) — E (0m) = €^ sin^i (sin^i sin 0s + sin0g sin^^ -f &c. 

+ sin 0.. I sin 0m). 

172. We shall now illustrate the above properties of 
elliptic functions of the second order, by certain problems on 
elliptic arcs. 

Let the ^ axes of the ellipse be 1 and 6, and let 
c = vl"-^; (if It be desired that the ^ axes should be a 

and by it will only be necessary, by substituting ~ instead of 

6, to make the results homogeneous); also let <rs:sin0, and 
y ^b COS0, be the co-ordinates, parallel to the axes, of a point 
P in the ellipse, fig. 5 ; then, reckoning from the extremity 
of the axis minor, BP=Ec((p)j by Ex. 11, Art. 137. 

Let BPy BK<i BR be three arcs whose amplitudes 0, \/r, o-, 
or the abscissae of whose extremities, sin0, sin>^, sino-, are 
such, that 

coscr = COS0 cos>^ — sin0 sin>^ \/l — c' (sino-)*; 

then BP^BK- BR =c* sin0 sin>// sincr ^c'.CN.CL. CM, 

which is the general equation for the comparison of elliptic 
arcs. The following are the principal results which may be 
deduced from it. 

1. We can assign, in an infinite number of ways, two 
arcs whose difference is equal to an assignable straight line. 
For 

BP - A^^ = BP + BK ^BR^c^ sin0 sinyj, sin<r ; 
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-". BP, KR have the required property ; the angles (f> and y\f 
may be assumed at pleasure, and then <t must be determined 
from the expression, 

<r = tan"^ {tan0A(>/^)} +tan~* {tan>/^A{0)}. 

2. Let o" = — , then R coincides with J, and BR becomes 

2 

the whole quadrant BA ; 

,-. BP-'KA^ c*sin08inx// = c^ . CN. CL, 
under the condition &tan^tan\ff s 1 ; 

«.^ w^ ^ c*sind)cos<6 ^,^ 

A(0) 

CY being perpendicular to the tangent at P ; 
|for CP" = (sin^)* + V (cos^)% CF* = ^« ^ (i + 6« - Ci«), 

,o f o .r . .v8^ «,,. c*cosd)8ind)l 
= 6.^Jl_c«(sin0)*}, .-. PY ^^Y 

this is Fagnani^s theorem, and agrees with Ex. 12, Art. 137- 

S, Let P and JT coincide in the point O, i{ being at J, 
.\ yf/^ (j}^9 suppose ; 

then 6 (tanfl)* = 1, 

.-. BO'AO^ (? ainef - -% =1-6, 

^ ^ 1 + 6 



the co-ordinates of O being, sinds 



— > 



\/l+6 



and 6cosd = — . , as found in Section viil 

VI +6 

4. Let ^ = >//^ in the general equation, then JT coincides 
with P, 
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and 2BP-BR = c* (sin^)* sincr, 
the equation of condition being 

CO80- = {coB<py - (sin^)* y/l - c*(sino-)*. 
Hence if z BCQ = ^, and we take 

tan ^50*9 = tan- = tan ^ A (0), 

«« ^« •, . .v« . «^ 2c*(8in<iycosd)A(0) 

then 5i?=2-BP-cVsin0)*sin(r = 25P 5^ — 2^ » ^X4 

^ ^^ 1 - c* (sin 0)* 

But if BR be given, and the abscissa of P be taken 



= sin0 



/l — cos<r 
" ^ 1+A(a)' 



then iBP = ^J?i?+i{l«A((r)}tan-. 
Thus» let jR coincide with the point O determined above, 
.\ (sin<r)*= 7, A(a) = \/6, tan - = \/l + 6 - \/6 ; 

.-. 5P = ^50 + i(l -a/6)(\/i+6-VT) 

= i il 2? + i ( 1 - 6) + ^ ( 1 - x/6) ( V^TTft - \/6) 

= ^ J5 + i ( 1 - x/fe) (2 x/riT+ 1 - \A) . 

173. We shall next exhibit the corresponding properties 
of hyperbolic arcs. 

We have seen, (Ex. U., Art. 137.) that if C be the center, 
and S the focus of the hyperbola AP^ Fig. 4^ and C*y= 1, 
CA = r, 6 = vl^-7; and ^ be such, that the cHrUnate 

PX = 6* tan ^, and consequently CA'' = e sec A (0), 
rr=rcos0, CP = \/c» + 6* (tan 0)'. Pr= tan0A(0); 
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then the length of the arc AP = tan^A(0) -£(0) + 6^F(0) 
= tan0A(0)-G(0), {if G(0) denote £(0)-yF(0)}, 

or PY'-AP^G{<t>y 

Let 0, >^, <r be the amplitudes of three arcs, AP^ AK, AR 
(and therefore &^tan0, &^tan>|/^9 ft^tano* the ordinates of 
their extremities), connected by the equation 

cos <T = cos cos \|/ — sin sin \^ <\/l — c*(sin<r)^ 

then G^0) + G (>/^) - G (c) = c^ sin sin y\f sin cr, 

which is the general equation for the comparison of hyper- 
bolic arcs. The following are the principal results which 
may be deduced from it. 

1. Let<r«= — ,and .*. &tan^tanx// == 1 ; 

.-. G (0) + G (>//) - G = c* sin sin >//, 

or G+AP -{■ AK - tan0A(0) + tan\^A(>//')-c*sin0sin>^ 

sind) sinxlf o . . . , 
smy sin0 ^ ' 

I . . cosxlr . , COS0\ 
or G + JP + AK * 



sin ^ sin^^r ' 
•.• (1 - c«) (sin ^y (sin x/,)* = {l - (sin 0)"} {l - (an >/,)*} ; 

.-. G + JP + JK=^^CN. CL, (1), 

Cr 



sin\^ ^ ' c sin0 c 

The complete function G represents the difference between 
the lengths of the asymptote and infinite hyperbolic arc (be- 
cause when the amplitude = ^ tt, the corresponding perpen- 
dicular upon the tangent vanishes), and is here expressed by 
means of two related arcs and the abscissae of their extremities. 
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2. Let P and K coincide in the pmnt O, R being at aa 
infinite distance, 

.-. = >^sd suppose; then ^(tand/te.ly 

and the co-ordinates of O are 

y s &'.tands&i, m^cy/\ + 6; 
also the intercept of the tangent at O 

= tan0 v^l - c*(sin0)' = 1, 

.-. C = 2G(0)-c«(sin0)* = 2(l-JO>-(l-6), 

or 6 = 1+6- 2 JLO. 

The point O is a fixed point, and enjoys properties similar to 
to those of the point O in the ellipse. 

3. Substitute this value of 6 in equation (l), 

.: i+b~3AO + AP+AK = \cN.CL, 

or PO - ZO = 1 + b--,CN. CL, 

the points P, K being so related that the ordinate of. O is a 
mean proportional between their ordinates ; for the equation 

6tan0tan\^=l gives 6^tan0.&^tan>^ = fi'. 

174. Elliptic functions of the second order can always be 
represented by the arcs of an ellipse ; but to assign an alge- 
braic curve whose arcs shall represent generaUy functions of the 
first order is more difficult. Perhaps the simplest curve which 
has this property is that which is constantly touched by a 
perpendicular to the diameter of an ellipse, through its ex- 
tremity. Let ATB be this curve (fig. 11. bis) its tangent PT 
being perpendicular to CP; then if 

/^PTM^PCM^e. and.-. CP = — f====, 

\/l-c«(sind)*' 

by Art. 1S6\ arc BT-^TP^ fe (CP) = bF(9), 

because BT and 9 vanish together; 
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*,r« ,^x/^x bc^ sinOcosO „^ , ,^_^ 

A BT^hFie)^'- — -3 , ••• PT^deiCP); 

and making d = ^tt^ the whole arc ATB s 6jP. 
If ^ = MT, and y = Jf C be co-ordinates of T, we have 

x=CP sm9 + PTeme = -^ (1 + c' cos 20), 



9 = CP<oaB - PT^nO « ^^ (6« + c* cos 20), 
by means of. which equations the curve may be constructed. 

175. As c varies from to ly Fc {(p) changes from J^l=09 
to i -logtf (tan^+ sec^); similarly Eciff)) changes from 

•/^ cos u) 

<pf to j^ COS ^ = sin 0, as c varies from to 1. In Section vii. 
we expressed the values of these fimctions in series which 
converge with tolerable rapidity when c is small; we now 
proceed to investigate formulae by which their values may be 
accurately computed for all values of c. 

We shall first obtain the values of the -complete functions 
F^9 E^y when c=l very nearly, and therefore & is very 
smalL 

Now F^(^) = j^sec^{l + y(tan^y}-i 
=^8ec«^ {1 -^i^(tan0)*+~6«(ten<^)*-^6*(tan0y+&c. J 

= ^seci^.-6^^-sec<^tan<^--^seci^^ 

1.3 fl S ^ r \ 

+ — 6* l- sec (j) (tan (py — sec tan + - ^ sec 0> - &c. ; 
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i - -_i 



since f^aec<b (tan <p)* s - sec (tan (p)* 

n — 1 
- --— ^, sec (tan ^) "-»; 

y 1.8 3 
.-. F^ (0) = log. (tan^ + sec0).(l +7 + ^8^" + *^^) 

6* - 1.3 1.3 3 
sec^tan^ {l 6*(tan^)* + .-6* + &c.J. 

1 1 \/i + 6 

Let tan = —^, 'F^{(f>)^^F^, and sec = — =-; 

/I + \/l + fe\ , 6* 1-3 3^. „ ^ 
2 ^ 2.4 2.4 2 ^ 

Hence when 6 = very nearly, or c = 1, 

176. Similarly, i;,(0) = j^cos^ {l +6«(tan0)*|* 
= ^ cos { 1 + - 6* (tan 0)^ ^6* (tan ^y + &c. } 

+ log. (tan + sec 0) - + —.-ft' + &c.) , 
by the formula f^ cos <p (tan <by 
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let tan ./> = -~= .: £, (^) = l^. + J (1 - 6) ; 

2 1 life' 

Hence when c = 1 very nearly, or 6 = 0, 



£, = 1 + 



?KG)-i}- 



177- III order to approximate to the value of F^ (0) for 
any values of c and 0, we must change it into another similar 
function having a different modulus and amplitude. By the 
transformation of Lagrange which we are about to give, we 
may compute either a sode of decreasing moduli reducing 
^c (Sp) ^ ^^ ^^g^^9 or a scale of increasing moduli bringing 
it nearer to a logarithm ; the process depends upon the foUow- 
ing proposition. 

178. If the amplitudes and moduli of two elliptic, 
functions of the first order Fc (0) and Fe^ (0i)> be connected 
respectively by the equations 

sin (20 - 0,) = c, sin 0,, c = ——1, 
the functions themselves are connected by the equation 

The equation sin (20 - 0,) = c^ sin0j, 

gives cos (20 - 0,) a= \/l - (cj sin 0^)^ = Aj ; 
.•. cos 20 as cos (20 - 01 + 0i) = Aj cos 0j - c^ (siu 0,) 
or (sin 0)^ = ^ {l - A^ cos 0i + c^ (sin 0i)^}. 



2 
9 
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.-. 1 - (csin^)* « 1 - , ^ ' , {l - A,co80, + c, (sin^,)*} 

v* + ''J 

A* + 8 AiC, cos 0^ + (c, cos 0,)* 

(1 + c,y ' 

.-, A « — ^; also 2^ « 01 + sin^ (cj sin (pj^ 

1 + C| 

or F, (i^) = ^ /'c, (0,)» 
since and 0^ vanish together. 

179. The above relations may be expressed differently, 
as follows. 

The equation c = £.Xj£l, gives b = y/l -c* = ; , 

1-6 . sin 01 1 

and therefore c, = ^-p^; also ^j^^^^-^,) = ^' ^''^ 

!?Bifc^ = 1::^, or tan (<A, - 0) = 6 tan0. 
tan^ 1 + c, ^^* ^^ ^ 

Hence /•« (</>) = :^ F,^ (0,). 
If d> = ^ , then 0, = ir, and (Art. 99.) F, (t) = 2/; ; 
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hence the relation between the complete functions is 

180. Hence to transform a function F^itp) into another 
with a smaller modulus, we have 

-p. (0) = 7^ ^.. (</>.) 5 

c,, ^1, being determined by the equations 

1-6 



c, = 



, tan (0j -(p) = b tan (j); 



' 1 + 6 

c, c 



(c, is manifestly less than c, •.•—=» ' — . ^ > 

^' ^ c (l + >/l-c^) 

which is < 1 ; and ^i > 0) ; 



2 „ 



and for a complete function, jP^ = F^^ 

To transform a function F^^ (0j) iqto another with £t 
larger modulus, we have 

c, 0, being determined by the equations 

c = ^ , sm (2® - Oj) = Cj sm ^j ; 

and for a complete function, F. = — — jP^ . 

The first transformation is to be used when c < sin 45", so 
that by repeated applications the function may be reduced to 
an angle ; and the second when c > sin 45°, in which case the 
function will be brought up to a logarithm : the two followitig 
Articles contain the resulting approximations. 

£ E 
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181. To approximate to the value of F^ijcp) to any 
degree of accuracy, c being < sin 45^. 

Here we must reduce F^ (<f>) to an angle, by diminishing 
the modulus. 

Let there be a series of decreasing moduli c, Cj, c^, &c., c, 
derived from one another by the law that 

1-6 1 - 6i , 1-6.-1 

^I'^TTT' ^^'^TTT' ^^'^^'^TTh — ' 

1+6 1 + ©1 1 -f 0,-1 

6, biy &c., 6^^^ denoting the complements of c, Ci, &c., c^.^ ; 

and a series of increasing amplitudes 0, 0i, 02 9 &c-9 ^jd 
such that 

tan (01 — 0) = .6 tan 0, tan (02 - 0i) = ^i tan 0^, &c. 
tan (0^ - 0„.i) = 6„_i tan 0„_i ; 



^0. («^«)' 



• ■ • 



1 + 6 1 + 6, 1 + feg 1 +6„_i 



As the moduli decrease rapidly, a small number of opera- 
tions will give a sufficiently accurate result. If n be so large 
that we may suppose c„ = 0, then Fc^ (0„) = 0„. 

When the process is pushed so far that the modulus is 
very small, the modulus and amplitude of the succeeding func- 
tion may be obtained by the series 

1 - \/l - C,2 1.3 . 1.3.5 . ^ 

Cr+i = y = icj" + — ^C,* +— ^-- C,« + &C., 

l+Vl-C^^ ^'O 4.0.8 

0f+i = 20y-c».sin20r+^c^^sin40^-^c^3sin60,. + &c. 
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For the value of the complete function we have 
J^c = (l+Oi^,, = (l+c,)(l+e,)F,^=(l+Ci)(l+0...(l+c,)p 

the number of factors being such that c„ = 0, very nearly. 

182. To approximate to the value of -^0(0), to any 
degree of accuracy, c being > sin 45°. 

Here we must raise jPc(0) to a logarithm, by increasing 
the modulus. 

Let there be a series of increasing moduli c, c', c\ &c. c^"^ 
derived from one another by the law that 

1 + c 1 + c 1 + c^"-^' 

and a series of decreasing amplitudes 0, 0', 0", 0'", &c. 0^"^, 
such that 

sin (20' — 0) = c sin 0, sin (20" — 0') = c sin 0', &c«, 

sin (20(''> - 0<»-i>) = c^'*-'> sin 0(»-^>. 

Then /-„ (0) = _?- /', (0') =^^.^, F, (0") 



+ 

2 2 



1+ c 1 + c' 1 + c" 1 + c^"-^) "^^ ^ 

If 71 be so great that we may suppose c^"^ = 1 , 

then F,(.) (0^")) = loge tan (^^- + ^^ j . 

For the value of the complete function we have 



220 

We shall next apply Lagrange'^s transformation to func- 
tions of the second order. 

183. Let there be two elliptic functions of the second 
order Ec((j>) and £^^(0i), whose moduli and amplitudes are 
connected by the same equations as in Art. 178, viz. 

c = , and sm (2<b - d>^) = Cj sin d>^ ; 

1 + Cj 

then, since (l + Cj) A = Aj + c, cos0j, and 

= — {Ai* + 2AiCiCos0i + c,^.-Ci^(sin0i)*} 

1 , ft * 

= — (2Ai^ + 2AiC, COS0I - V) = 2Ai + 2CiCos^, - --^; 

therefore, integrating, 

(1 + c,) £, (</)) = £,, i(f>,) + c, sin 0, - i 6,» F,, (0,), 

the equation which connects the two functions; where, as 
before, the equations connecting the moduli and amplitudes 
may be replaced by 

1 -b 



c, = 



' 1+6 



, and tan (^j — 0) = 6 tan 0. 



By this formula, a function of the first order is expressed 
by means of two functions of the second order. 

For complete functions^ making = — , 0^ = ^r, we have 
(1 + c,) E, =ZE,^- 6,^F,, , or E, = (l+b)E,-(l- c,) /;, . 

184. By the above formula of reduction, Ec{(f>) is ex- 
pressed by functions of the first and second orders having 
smaller moduli; and the operation may be continued at 
pleasure. 
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Thus, let Eg^ (^2) be another function whose modulus and 
amplitude are such that 

C2 = -^ , and tan (^g — ^1) = 61 tan ^j , 

.-. (1 + c) E,^ (0,) = E,^ {<!>,) + c, sin 02 - i (hyP,^ (02) ; 

therefore, by division, {denoting jBc(0), E^ (^i)? ^c (^s)* 
by £, JEj, JB2, for the sake of brevity}, 

(1 + c^) jS - £^ ~ c, sin 0^ /^V ^ 
-<1 + C2) jBi - JB2 - C2 sin 02 " U2/ ' J^2 



1 -C2® 2 2 1 -C2 



, by Art. 178; 

1 "^ Co 



1-61 2 26^ 

but C2 = 7- > .'. 1 + C2 = r- , 1 — C2 = 



1+61 1+61 '1 + 61 

.-. (1 + Ci) £ - jBj - Ci sin 0j 
= - (1 + 61) 10 + C2) E^-E2- C2sin02} 



= - \2E, - (1 + 61) £2 - (1 - ^) sin 02} ; 

4 

.-, 2 (1 + Ci) £ - (2 + 61) jBi + -^ (1+ 61) E^^^c^ sin 01 

+ -L^ ^^ sm 02 =« 0, 

2 ^ 

the equation connecting three consecutive functions of the 
second order. 
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Let ^ = - , and therefore, 0i = tt, ^g = Stt ; the formula 
then becomes, 

2 (1 + c.) i:, - (2 + 6.) £,, (^) + I (1 + 6.) £e. (2») = 0. 

or (1 + c,) JS„ - (2 + 6.) £,, + 6, (1 + 6,) £,. = 0, 
since £,, (tt) = 2JE„, £,, (2,r) = 4£.,. 

185. The formula of Art. 183. as was observed, enables 
us to express an elliptic function of the first order, by two 
elliptic functions of the second order; if the modulus and 
amplitude of a. proposed function of the first order be e^, ^|, 
we have 

V K, (^.) = ^^c, i<pi) - 2 (1 + Ci)-Bc (0) + 2c. sin 0„ 
c and <p being given by the equations 

c = ^ , sin (2d) — d),) = Cj sin 0, . 

Hence a hyperbolic arc can be expressed by two elliptic 
arcs, which is Landen'*s theorem. 

For by Ex. 14, Art. 137, if in Fig. 4. we make 

CS =1, CJ = r,, and NP = h^ tan 0, , 

length of hyperbolic arc AP 

^ tan <^, x/l-r,^(sin<^,r - £., (<^i) + K K, (0i) 

= tan 0, \/ 1 -Of (sin 0i)-+ £:,.^ (^i)-^^' (1 +^i) ^^ (<p) + 2Cj sin 0, . 

186. Hence iJso we can express the difference between 
the lengths of the asymptote and infinite hyperbolic arc, by the 
difference l>etween the lengths of two elliptic quadrants. 

For Pr-.JP = 2 (1 +r,) E^ (0) -i^., (0i) -'^^1 sin 0, . 
I«et <^^ = - * .*. COS ':?<p = - Cj • and cimseijuently. 
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(sin0)^= '-^ = Y^; ••• (Art. ^69.)EA<p) = ^E, + l^■, 

hence the difference between the asymptote and infinite hyper- 
bolic arc 

= (1 +cO£, + (1 +cO (1 -6) - £,^ -2c, 

1 -b' 



= (l + e,)£,-£,^, (vc, = i-^) 



= length of elliptic quadrant {^ axes, (1 4-Ci) and (l -c,) | 
— length of elliptic quadrant [^ axes, 1 and \/l — Ci^|. 

I87. The formula of Art. 184. enables us to assign the 
value of Ec {<!>) '^^ terms of two similar functions having smaller 
moduli, and by continuing the process, we may obtain a result 
as accurate as we please; we may, however, approximate to 
this value more conveniently, by considering the more general 
form 

r rrh\ r «o + 60 (sin 0)' 

then, making the same assumptions as in Art. 178, 
(sin (py= 1^ { 1 - A, cos 0, + c, (sin <p,y], and - d^, {<p) = -—i . — , 

.-. G,i<J))=f^Ja, + -j(l-A^ cos </), + c, (sin </>,)«>} -±^ . ^ 
= — ^ U*i ("0 + 7 + -^ (sin <^,)') ^ - 2 sin .^,} 

.» , **o I. *oC, 
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1 -1- Ct 

similarly, G,, (0,) = — — { G^ {<p») - ^ 6, sin ^} , &c.»&c.; 

Let n be of such a magnitude that (?, may be neglected ; 

and 6, = — CiC^.-.c^fto* therefore, aforHori, 6. may be neglected; 

and Oi = «o + i^^o' «« = «i + i^i = «o + i^o + i^i* 

and Gc.(0«) = ^. {o» + *» (sin ^.)«} = a,0.. 

Hence, collecting the results, and substituting for a^^ &|, 
6f, &c., 6,_i, their values, we have 

Gciip)^- ^, ^{ao + iMl+icj + ic,c^ + &c. 



1 . . (l+c,)(l+r,)(l+c,) . ^ ^ 

(l+ri)(l + r,)...(l+0 1 \ 



+ -^. 

the moduli and amplitudes being derived from one another 
by the formula^ 

Oi«- — T% tan (01 - 0) = 6 tan 0. 
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For complete functions, = — , ^j = tt, 

At 

'. G.=(l+c,)G<r, = (l+c,)(l+c,)Gc, = (l+c,)(l+c,)...(l+c,)Jo«. 

IT 
or Ge= -(l + C,)(l+C8)...(l+C„){ao + ^6o(l+^CiH-;JCjC8+&C. 

188. If we make «o=1j ^o==~"^% ^c(^) ''^i^^ become 
= J5c(^), and the resulting formulae will give the length of 
any elliptic arc. Also by Ex. 14, Art. 137, 

length of a hyperbolic arc 



= tan 0Vl-c«(sinrf))^ - f f^^^^f) 



2 

2 



sm^) 

hence, if in the value of Gc((p) we make a^ = c^, Bq =- c', we 
obtain the length of any hyperbolic arc. 

189. The transformation of Lagrange, is a particular 
case of the general one of Jacobi, which we shall now give ; 
but we must first explain the following notation, which will 
be found convenient in investigating it. 

Let Fj^{(p) be the function which it is proposed to trans- 
form, of known modulus A?, and amplitude (j) which may have 
any value from zero to infinity ; and let it be denoted by », 
so that 

.'. (p = amplitude ot u — Au^ as it is written, 

and sin0 = ^\x\Au^ 

Let —Fj^^ Wj p being any given whole number ; 
and let a,, ao, as, &c. be the amplitudes of w, Sw, Sw, &c. 

F F 
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so that 

P P 

then a| may be approximated to by Art. l65, and as» as» &c. 
obtained from a^ by Art. l64; therefore a, 9 ag, as* &c. may 
be regarded as known in terms of p and k. 

TT 

Then po) «= F^, /. -4 (pw) = — , and sin-4 {poo) = sinap«= 1 ; 

2 

2pw = 2Fjt= F;k(7r), ,\ ^(2pa)) = 7r, sin-4 (gpw) =0; 

wpco = nFf, = F* (^^j , /. A (npw) = ^, 

sin A (npoo) = 0, or ±1, 
according as n is even or odd. 

190. Again, recalling the property of all such integrals 
as F^((p), viz. 

F.inw =t 0) = F, (nir) ± F,{(f>), 
n being a whole number, (Art. 99)? 

we have, if 2r + 1 be any odd number less than 2p, 

27' 4-1 

(2p-2r-l)(tf=2jP;k -^* = /^*(7r)-F*(a2r+i)=^*(7r-a2r+i), 

.-. sina2p_2r-i = sin-4 (2j9 — 2r — 1) tw = sina2r+i. 

Also, 2pft) ± w = F* (tt) =t F;k (^) = F^ (tt ± ^), 
.*. siiK/<(2pa) =t t^) = =psin0 = Tsin-4t^; 

.*. sin -4 (t^ + 2npft)) = (- 1)" sin A u. 
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191* Hence, the formula of Art. 159, 

sin(rsin5= - — f . \ , 

1 — (ap sin sm yffY 

may for the present purpose, be more conveniently expressed. 
For let F, (0) = u, F^ (yfr) = v, 

(sin Juy - (sin J vy 

.-. sin A(u-^v) sin A(u-v) = : r-^— . 

1 - (Ap sin-4t* sin-4v)* 

We observe that this product has its greatest value, (sin0)^, 
when « = 0; for if any other value be subtracted from (sin^)% 
the result is positive. 

Suppose « = nw, so that Av = a^^ 

.... X . ^/ X (sin^)2-(sina„y 

.-. sinA (u + nw) sin A (u - nw) = y~ — ■ — : -, 

1 - (APsin^sina„) 

192. We now come to the enunciation of Jacobi's first 
Theorem* 

If the amplitudes of two elliptic functions of the first 
order Fj^ (0), jPj (\^), are connected by the equation 

- 1 — (.2?cosec 02)^ 1 ~ (« cosec QiY I — (a^ cosec Up^iY 
1 - (kwsina^'^ 1 - (koo sin a^* '"' 1 - (kw sin a^.^Y * 

where a? = sin0, y = sin\|/^, p is any odd integer, and 



2 



/sin og sin a^... sin a^. A 
\sinaj sinas ... sina«_2/ 



«!> "2 5 035 &c. being the amplitudes of 

-F„ -F„ -i^*, &c.; 
P P P 

and the moduli of the functions by the equation 

h = kP (sin Qi sin 03 •.. sin 0^-2)* ; 
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the functions themselves are connected by the equation 

F, if) = /3 F, {<!>). 

193. The object of this theorem is to transform F;^(^) 

into — Fi^ {\lf)y jS and h being unknown constants depending 

upon ky and yf/ upon k and <p; and its demonstration is 
founded upon the analogy which an elliptic function bears to 
an angle ; since, when the modulus vanishes, the function be- 
comes equal to its amplitude. Now we shall make a supposi- 
tion with respect to each of the unknown constants, viz., that 
h becomes 0, and /3 becomes a whole number p, when /f = 0, 
(it will be readily seen that these suppositions agree with the 
values of h and )3 in the above enunciation, observing that 

when /f = 0, Fj^^ —\ ; therefore when A; = 0, we shall have 

'^^pcfi; if therefore any algebraic relation can be obtained 
between yf/ and 0, it must be such as, when A; == 0, to coin- 
cide with the relation between two angles, one of which is 
a multiple of the other, i. e. taking the usual formula, and 

putting — = a, with 
2p 

sin0sin(0 + 2a)sin(0 + 4a) ... sin {(f> + 2(p - l)a\ 
^ sin a sin 3a sin 5a ... sin (2p - 1) a 

Hence, we are led to consider the properties of the func- 
tion of the amplitude denoted by y in the following Art., 

1 TT 

which, (since Au = 0, and Au) = tw = = a, when A; = 0) 

it will be observed is formed upon the model of that which 
effects the transformation in the particular case when the func- 
tions become angles, and coincides with it when the moduli 
vanish. 

194. Let 
sinA(u)sinA{u-^2(t))smA(u-\-4!w)...sinA{u-\-2(p'-l)(o] 

y j^ . ^^ __ • 

^ smA{w)sinA{3(io)sinA(5a}) ... smA(2pw-(v) 
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W6 must first shew that y represents the sine of an angle, and 
determine the law of its increase consequent upon the increase 
of J (u) or ^. 

If in the numerator we change u into t^ + 2a>, it becomes 
-sin-4(w + 2w)sin^(w + 4ft)) ... sin A \u + 2(p-l)(o}sinA(u)^ 

\' the last factor is sin ji(u-^2pw)9 which equals — sin^(t^), 
(Art. 190). 

Similarly, if we change u into t^ + 4a>, the numerator becomes 

sin^ (u + 4a)) sin^ (w h- 6w) ... 
sin^ [u 4- 2(p - 1) o)} sin J (u) sin^ (u + 2w). 

Hence it appears that if in the expression for y, we sub- 
stitute successively w 4- 2 ft), t* -f 4 ft), &c. in the place of w, the 
same series of sines perpetually recurs, and the same valu£ 
results, abstracting the change of sign. If, therefore, we make 
t^ = ft), Sft), 5 ft), &c., the numerator will by each substitution 
become equal to the denominator, bating the sign ; and y will 
= +1, —1, alternately; and if we make t^ = 0, So), 4q), &c., 
then y will vanish at each substitution, for one of the factors 
of the numerator will become siu A (^npw) * 0. 

Again, suppose w=ft)— «r, % being less than ft), then group- 
ing the factors in pairs from the beginning and end, the nume- 
rator may be written 

sin J (ft) - «f) sin J {(2p -l)a)-*%\ 
X sin A (3ft) - %) sin A {(^p - 3)a)-x] x &c., 
or, Art. 190, sin A(a) — %) sin A {w -^ %) 
X sin A (3ft) - z) sin A (So + 5f) x &c.; 

to which must be annexed the single factor smA(p(o — x)^ 
when p is an odd number. Now all the partial products have 
the same value whether % be positive or negative, and are all 
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greatest when x^O^ (Art. 191.) ; therefore y has the same value 
and the same sign when u is at equal distances from and 2 or, 
and attains its greatest value 1, when u ^ w> The same thing 
may be proved when u^Sw x^ 5w — z^ &c. Hence we 
conclude that y represents the sine of an angle yf/j which in- 
creases continually with A (u) or 0, and attains the values 

TT W 'TT „ 

0, -, 2—, 3 — , &c., 
2 2 2 

at the same time that = 0, 0^9 as, 03, &c. ; and which has 
but one value, between m— and (mn-l) — , for any given 
value of (f) between a„ and a„+i. 

195. We shall now put our assumed value of y into a 
shape analogous to that which we know the value of sin yff 
or sinp0, in Art. 193, can be made to assume, viz.: 

sin >^ = p sin { 1 ~ (sin (j> cosec 2ay} 

{1 - (sin cosec 4a)*} ... {l - [sin0cosec(p - l)ari> 

p being odd (for it becomes necessary to distinguish between 
the cases ot p even and p odd). In the case then of p an odd 
number, there will be an even number of factors in the nu- 
merator of y after the first, which may be grouped two and 
two, thus: 

sin A{u + 2ft)) sin A{u-t^(p-l)(o] 

X sin A(u -^ 4ft)) sin A [u -\- 2 (p - 2) o)] x &c. 

X sinA [u -^ (p - l)ft)} sin^l {u + {p + l)a)}, 

or, - sin A (u -{■ 2ft)) sin A(u -^oj) 

X - sin ^ (t^ + 4ft)) sin A(u - 4ft)) x &c. 

X -sinA{u + (p- 1) ft)} sin -4 {w - (p - l) a)]. 

Hence, making n = 2, 4, &c. in the formula of Art. 191, 
the numerator is transformed into 
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, . (sin a^y - (sin d) 
^ 1 - (At sin sin a^.) 



2 
2 



(sina4)^ - (sin^)^ (sin Up^iY - (sin0)^ 
1 — (A;sin0sina4)'* ' ' 1 ~ (A;sin0sinap_i)^ 

Also, since sina2r+i = sina2|,-2r-i> grouping the factors two 
and two as before, and omitting the middle factor sinap= 1, 

the denominator may be written 

(sin tti sin as . . . sin ap_2)^* 

„ 1' n /sina2sina4 ... sinop.A^ 

Hence, making « = -: : : , 

Vsmaismas ... sinap_2/ 

and putting w = sin 0, we have 

1 — (^ cosec 02)^ 1 - (<r cosec 04)^ 1 — (a? cosec ap^^Y 
^ "" ^' 1 - (kw sin aiY 1 - (koe sina4)'* "' 1 - (ka^ sin Op^iY ' 

which is the value of sin\|/, and, we observe, coincides with 
the above expression for sinp0, when A; = 0. 

196. The next step is to deduce the value of cos\j/. 

P 

Let the above equation be written y = fi/v — , 

P and R representing rational functions, each of dimen- 



sions in 0?^; 






2 



Jg2 

The numerator is a rational function of p dimensions in a^, 
and will vanish whenever y*^ = 1, i. e. by Art. 194, whenever 
/r^ =.(sina2a+i)^ 27^ + 1 being any odd number less than 2p; 
the numerator therefore is divisible by 

{ 1 - (c7? cosec ttiY \ { 1 - (''^ cosec 03)^ \...\l - (w cosec a2p^\Y} , 
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or {since sina8„+i *= sina2p_2„_,, and sin a^ «= l}, 
{ 1 -(.rcosec a,y'p{l -(a:cosec a,)'}^.. 1 1 -(a?cosec ap.,)*}«(l -ct-^). 

But this expression is of p dimensions in ar^ and the term 
not involving a?Ms 1, therefore it is identical with the nume- 
rator ; 

•1-2^ = 
— - {l -(a?coseca,)*}^{ 1 -CrcosecaaX'p... { 1 - (<r cosec o^.g)^}* 

= (1 - 'V^) -g: suppose ; 

Q P 

hence cos \|/^ = cos <^ -— , and tan ^ «= )3 tan (p — . 

197- The next step of the proof would be to substitute 

P 

fioB^ for y in the equation 
R 

4y ^n \ 

\/\\ - 2/^) (1 - K'f) V'(l-,i7^)(l-A;W) ' 

which arises from Fj^^yf/) = (iFj^^cpi) by differentiation, and 
to see whether by giving to the indeterminate modulus h a 
proper value, the two sides could be made identical. This 
process is impracticable except for small values of p, such 
as 3, 5 ; but the necessity of it is obviated by means of a pro- 
perty of the differential equation, which must be common to 
all its integrals. The property is, that the equation is satis- 

1 1 y — 

fied by putting — for of and — for y, the factor v — 1 being 

fCtV tiy 

suppressed in each member ; and this without subjecting h to 

any condition except that of being a constant. Therefore 

P . . . Q- 

y = j3^— , if it be a solution, as well as i — j^ = (i — o?^) — , 

which expresses the same relation between x and y under a 
different form, must likewise have the property of being satis- 
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fied when x is changed into -— and y into — , a proper value 

kx fiy 

being assigned to h, 

198. We proceed therefore to make these substitutions, 
and shall thus obtain further relations between w and y^ 
which, combined with those already found, will suffice to shew 

P 

that the equation is satisfied by y = /3^-^« 

1 ^ i ijo cosec ft I 

The ffeneral factor of y is \- ; — ^ , which, putting: 

^ ^ I - (fca? sm af ^ ^ 

; — in place of a?, becomes 

1 \ -(kx sin a)^ ^ .,, , ^ R 

;.'.-- will become — . 



1^ (sin a)* 1 - (a?cosec a)" ' -R A' P^ 

p 

where A = A?^"' (sin a^ sin a4...sin a^^i)*; and y = (iw — , 

R 



will become 



1 (i I R kA ^ P 

-7-^5 ory = -5^.)3a?- ; 



hy kw A P" ^ (S'h "^ R 

P 

therefore in order that this may coincide with y = /3«2?^, 

R 

we must have kA^ j3*A, 

or h=^k^ (sin ax sin as.-.sin ap_2)*» 

A^am, any factor of --, such as 1 ^, will 

become 



1 1 - (kw sin ft,)^ Q 

A;^ (sin ai sin ag)* 1 - (<r cosec og)* ' i? 



will become 



k T 

— . -^ , since fih^kP (sin a^ sin ag-- .sin 0^.1)^ 

putting T={l-(A;a?sinai)^} |l-(A;<rsina3)*} ••• {l -(*<!» sin o^.g)®} 



GG 
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Hence, the equation 



2 



l-y'=(l-.r')^, 
will be transformed into 

. 1 ^ I 1 \ A;2 T* 

or 1 - (hyy = {1 - (/^^)«} (J^)' |I= {1 - (fca^y} ^ 
since y = /3a? — ; .*. multiplying these equations together, 

(1 - y«) {1 - ihyy\ = (1 - 0^) {1 - ika>y\ ^-^. 
199. In the above equation, substitute for y its value; 

Since P, Q, R^ T, are all polynomials of (p — 1) dimensions 
in ,37, the first member of this equation is the product of four 
polynomials, R -\- (ixP^ R — (ixP^ &c. each of p dimensions 
in a?, no two of which have a common divisor, because R and 
P have no common divisor; each of them therefore is com- 
posed of one simple factor, and ^ (p — 1) double factors, that 
being the only supposition which agrees with the form of the 
second member. Also {QTy is equal to the product of all 
the double factors on the first side multiplied by a constant. 
But every double factor of the first side, being a double factor 
of a polynomial of the form R-\-cxP^ is a factor of 

Rd;g(xP) — xPd^R^ •.-, c being any constant quantity, 

(JR + c.i?P) rf, (^P) -o/Pd, (JR + c«r P) = /?4 (<r P) -a?Prf,JR ; 

.-. all the factors of QT are contained in Rd^{a}P) — ocPdj,R^ 
and these two quantities are of the same dimensions, and the 
term independent of x in each is unity, 
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and QT\/(l'-ai'){l^(kwY\ ^R^\/{\-f) {l-(%)^|, 

1 J d^y 



.*., dividing, 



^(1 -a;') f 1 - {k.xf} (S Vil-y'){l-(hyy\ ' 



Hence it is demonstrated, that the assumed value of 
sin yf/ effects the transformation, in the case of p being any 
odd number. 

200. The equation of the amplitudes admits of a remark- 
able transformation, by which the calculation of yj/ is greatly 
facilitated. 

P Q 

We have sin \|/^ = )3 sin d) — , cos yf/ = cos (b -- ; 

R R 

now every factor of P and Q is of the form 

1 - (sin (f) cosec a)^ which = (cos <py 1 1 - (tan ^ cot a)' J , 

and every factor of R is of the form 

1 - (k sin sin a)S which = (cos ^f [1+ { 1 - (A; sin a)'] (tan ^)*] 

= (cos0)2[l + {A;fe(a) tan ^J^], 

and there are ^ (j^ - 1) factors in each of P, Q, JR ; if there- 
fore we put tan (f) = z, we shall have 

P = (cos ^)P-^ { 1 - (^ cot ag/} 1 1 - («f cot 04)'} 

... {1 - (i^^cota^.i)^} = (cos^)^"^ J[f supposey 
Q = (cos^y-^ {1 ~ (i^cot ai)'| {1 - (^ cot as)'} 

,.. {1 - (i?fcota^_2)2} = (cos (f>y-' N, 
R = (cos<^y-^ (1 + ^^/^l) (1 + s^Al)...(l + z^/^l^i), 

denoting by Ag, Ao &c. A;fe(a2), A;fe(a4), &c. ; 
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.'. Sin \f/ = — — —• (cos ©y, cos Y = ^ (cos (by; 

R R 



.: N» + {fizMf = j^^^~ = (!+«*) (1 + «* AD' (1 + «»Aj)» 

... (1 + «*A^_,r- 
This equation may be resolved into 

V-/3^ilf\/^ = (l-;?fV^)0-«A2\/^)*...(l-«Ap.iV^)* 

for N+fi%M\/ — 1 cannot have afactor of the form 1 — sfA2„\/ — Ij 
nor N—^xMy/'-l one of the form l+iyA2„\/— 1; 

therefore dividing the second by the first, and observing that 

tan yU = fi tan —- , 

^ N 

l-tan>//\/^_ l-af\/-l /l-i^A2\/^y/l-arA4\/^y 
H-tan\//\/-l l+«f\/-l \H-«A2\/^/ Vl+afA4\/-l/ 






therefore taking the logarithms of both sides, and substituting 
the equivalent angles by the formula 

1 , /l-tan0v^\ 
e = — y= logj — T-y— U 

2V-1 \l+tan0V-l/ 

yff=(p + 202 + 204 + &c. + 20^_i ; 
02 n being determined by the equation 

tan 02 „ = tan Ag„ = tan 0\/l -h^ (sin agn)^ 

201. The theorem has been extended by Mr Ivory to 
the case when p is an even number. He has shewn (Phil. 
Trans. 1831.) that in that case, if y ^ sinyf/^ ^r = sin0, and 
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/3a? vl - a^ 1 - (a? cosec cg)* 
^ " \/l - (A;/»y 1 - (A?a? sin cg)" 

1 — (j? cosec 04)^ 1 — (a? cosec ap^a) 
1 — {kcG sin 04)^ "* 1 — (A;«r sin a^-g) 



2 



2 » 



_ ^ /sin a2 sin a* . ^ . sin a«_2\ 

where /3= -: : : — ^^ , 

Vsinai sm as ... sin ap_i/ 

and h=^hP (sin a^ sin as . . . sin a^-i)*, 

then F,{yl.)^fiF,((p). 

The demonstration is effected by the same steps and methods 
as for p an odd number ; and the equation of the amplitudes 
may be replaced by 

where 
tan 00 = tan y/l - k^, and tan 02n = tan \/l — (A;sina2«)^ 

202. Hence, Fj^{^) can be transformed into a similar 
function, of which the modulus h is less than the given mo- 
dulus A;; and by repeating the process upon Fj^{yf/)9 we can 
find a second transformed function with a still smaller modulus; 
and by continuing the operation, we can reduce the proposed 
function as near as we please to an angle. If we could deter- 
mine in terms o{\f/, we could transform Fj^(yp) into a similar 
function Fj^ (0), with a larger modulus ; but this would re- 
quire the solution of an equation of p dimensions ; it is to 
obviate this inconvenience that Jacobi has invented a new 
transformation, the subject of his second theorem, which we 
now proceed to give; its enunciation is as follows. 

203. If the amplitudes of two functions ^v(r), Fj^'((t)9 
be connected by the equation 

1 + (a? cot 02)^ 1 + (ti? cot a^y I + (of cot ap_i)^ 



y^fix 



1 + (a7cotai)^ 1 4- (a? cot 03)^ *** 1 + (oycota^.g)^' 
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where cr=sin o*, y=sin r, p is any odd integer, andjS, Ci, 029 &c. 
are the same as before ; and the complements of their moduli by 
the equation 

h- k^ (sin a^ sin as ... sin ap.2)\ 
the functions themselves are connected by the equation 

F,. (r) = fiF,. (<y). 

P 
204. We have seen that by the substitution of px — for 

y in the equation 



= /3 



the two members are made identical; therefore they will be 

made identical by all values of ^ and y, which satisfy the 

P 

equation y = /3^ — , whether real or imaginary, provided the 

constants A;, A, j3 remain the same. 

Let, therefore, a? = v— 1 tan cr, y = v— 1 tan r, 

d^a 1 

" ^^/l-{k' sin 0-)^ y/l - (h' sin r)^ ' 

denoting by k\ Ji the complements of A:, h\ 

Also tan >|/ = v-l sin t, tan 0=v^sin cr ; and by Art. 196. 

^ J 1 — (cosec 02 sin 0) 

' tan >i/ = /3 tan ) . ^i 

^ ' 1 — (cosec «! sm 0) 

1 — (cosec 04 sin 0)^ 1 — (cosec a^. 1 sin 0)^ 
1 - (cosec as sin 0)- * 1 - (coseca^^g sin0)'* 

•\ the relation between the amplitudes becomes 

1 + (cosec az tan cr)" 

sm T = p sin c — - . 5 &c. 

1 -h (cosec a\ tan o-)" 
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or, since 

1 -H (cosec 02 tan af (cos <r)*^ + { 1 4- (cot og)'} (sin aY 
1 + (cosec ci tan a)'^ (cos cr)'* + { 1' + (cot a^y] (sm cr)'* 

1 + (cot aa sin cr)^ 
1 + (cot tti sin ct)*^ 
we have 

1 + (cV cot a^y 1 + (^ cot 04)® 1 + (<2? cot a^- 1)' 



•••- /■ . v.j9 



1 + (.rcotaj^ 1 + (.rcotaa)^ 1 + (a? cot a^. 2)^ 
which gives r, and shews that r and a increase together from 0, 
and become equal at every multiple of — , 

205. Hence, having given Fj^* (cr) to be transformed into 
a similar function with a larger modulus, we first obtain 

and then compute a^, a^^ &c, ; , this gives us the value of 

h — k^ (sin a\ sinag ... sin ap_2)S 

and then ^' = \/l — /t^ is known, which is greater than k\ 
because h is less than k ; also the new amplitude r is known 
from the above equation, and hence we obtain the new value 

of the proposed function, viz. -^ Fi^ (r) ; and by continuing 

P 
the operation, we may raise the proposed function as near as 

we please to a logarithm. We have supposed p to be an odd 

number, but by substituting in the formula of Art. (201), we 

shall easily obtain the formula belonging to the case of p 

an even number. 

206. The comparison of the results of these two trans- 
formations 

|3 F^ifP) = F, (x/,), i3 Fv («r) = Fj. (t), 
leads to a remarkable relation between the complete functions. 
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IT IT 

Since when = — , yf/^ p— (Art. 194), the first equation 
gives 

Also, when t = — , a- — , therefore the second gives 

Hence, eliminating /3, we have 

207. Again, in the equation /3 jP^Co-) = ^v(t), change // 
into A, and therefore, A; into h'; 

.-. /3'F,(«r) = /'»(r), 

, /^, _ /sin/i2sin/i4 ... sin/i^_A^ 
\sin /ij sin yus ... sin At|>-2/ 
A?' = A'^ (sin /ij sin ms • • • sin iLip_2)*> 

1 2 

^,, yugj &c., being the amplitudes of -F^', -JPy, &c. 

and which are also to be substituted for ai, 02, &c. in the value 
of y or sin r. 

Hence, fi'F.^F,, and (iFj^^pF,, .'. fifi'^p. 
Let cr = x/., .-. Fj,{y\r)^j,F^{T), 

.-. ^*(0) = ^^*(T)=^/^.(r). 

Hence, we can find any multiple or aliquot part of an ' 
elliptic function. Similar formulae may be obtained for p an 
even number. 

208. We shall in conclusion, apply the general formulae 
of Arts. 192 and 201, to two particular cases. 
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Let p = 2 ; .; /3 '"—. rr = 1 + k', (Art. l60), 

(sino,)* 

j8sin0cos0 (1+A7')cos08in0 
^^" \7l^S^n0)^ "" \/l-(A;sin0)2 
which may be transformed into 

tan (\^ - 0) = A?' tan 0, 

and F^C*/)) = ^ F,(>/,). 

Hence we fall upon Lagrange's transformation, these 
formulae agreeing with the formulae of Art. (179). 

209. Let p = 3, .^ ^ = (^Y^ -A- - 1, 

'^ \sinaj smaj 

as will be easily seen by eliminating k between the equations 

VT^ tan Og tan a^ = 1| tan ^ a^ = tan a^ \/l -A;^ (sin ai)^ ; 

h = h^ (sin aj*, 



1 - (t^r 

^ ^ ^l-(A;sin0sina,y' 
which may be transformed into 

tan 1 (>|/ -0) = tan 0\/l -(A? sin cg)^ = (-^ 1 j tan0; 

and F»(<^) = ^-?^ /',(>;,). 

2 — sm Oj 

Upon this transformation, Legendre had hit, previous to the 
discoveries of Jacobi ; the amplitude a^ is known from Art. l65. 

H H 
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210. We shall now prove a remarkable relation^ dis- 
covered by Legendre, between complete functions of the first 
and second orders, whose moduli are complementary to one 
another, and which may be useful as a formula of verification ; 
viz., that 

EcEi^-GcGf, =» - , where G^ denotes E^ - F^. 

2 



We have d.i;.(^) ./ I^^)-! = 1/ ^ = 1g,(^) 



c 



c 1 c 

Similarly, d^E^ = d,b . d^^Ef, = - 7 • t G^ = - t; Gj. 

6 6 " 



^ A* c J^ A' 



- te -«^c(0)- ^ '^ ^ } - - ^«(0), by Ex. 2, Art. 154, 
hence d.G.^d.E.-d.F.^ -^^E,,, 

or 

c b 1 

similarly, c/^G^ =--.- — £5 = - ^Tj. 

Now let C denote a function of c, and suppose 

C = EfE^ — GfG^y 

.-. d^C = Ef,.-G^'^E^{- zzGb)''Gi.dcG^ - Gc-d^Gi, 

c 6* 

= G, ^^ E, ^ c/,G^) ~ G^(^£. + c/,G,]- 0, 



therefore C does nqt involve Cy and is the same for all values 
of c. 

Now if c be very small, Fc= — (l+— ), £c=—{l j, 

^6 = loge(-), £6«l. Therefore, since £6F,-(J',-£,)F5*C, 



TT TTC* 



we have 

2 4 



log^(-j=C; butwhqnc = 0, c^log^f-jsO; 



211. The equations 

c o^c 

give Fc = Ec-c.dcEc9 Ec^ {l -c^){Fc^o d.Fc)^ by means 
of which the value of either of the complete functions JF^ jEc> 
can be deduced from the known value of the other* 

Differentiating the former of the above equations, we find 
dcFc= "C , dcEc ; therefore, substituting in the latter,. 

£,= (1 - c^) \E, --c.d^E, - c^c^/£4, 
or ( 1 - cO . d/ E, + ^—^ . d, E, + £, = 0. 



Similarly, differentiating the latter, and substituting the 
values thence obtained of Ec ^^d ^c^o ^^ the former, 

(1 - c^) . d/F, +1^^^. d, J', - i^, = 0. 



If we regard Ec and JTc as functions of 6, the complement 
of the modulus, since 
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d,E,= ~^-. d,E„ d*E, = ^ . dj* £, - 1 . d»£., 

t>y substitution, we find 

(1 - fe») .rf»«£. -i±A\ dj£. + £, = 0; 

similarly, (l - 6*) . d^^'F, + ^ " ^^ . d,,F, - F^ = 0. 



Hence the complete function of the first order is deter- 
mined by the same differential equation, whether it be regarded 
as a fimction of the modulus, or of the complement of the 
modulus. 

212. We neict come to the consideration of the function 
of the third order 

Jf 1 1 

^l + n(sin(l>y y/i^(csm(py" 

in which enters a new element, viz., the parameter n capable 
of all values from — oo to + « ; this can always be made to 
depend upon a similar function, having the same modulus and 
amplitude and a parameter between O and — 1, as we proceed 
to shew, after Legendre. 

We shall first shew that the parameter may be always 
supposed less than the modulus. 

Let there be two functions of the third order 

Ll+n(smd>)HA' "^ /f ^7~J^' 
^^ ^ ^^ ' J^jl + - (sm <py\A 

having the same modulus and amplitude r and q^ but different 
parameters ^iz. n and — « whose product is equal to r^. 
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Now — — + , - 1 

n ^ 
1 - c^ (sin 0)* 



1 + ( w 4- — ] (sin 0)^ + & (sin 0)* 
1 — c^ (sin ^)^ 



(cos 0)8 { 1 - c^ (sin 0)2| + (sin 0)2(i + ^^ + - + c«) 

1— & (si n 0)^ ^^ 

(cos 0)« A^ ^ (1 + n) (l + i c*") (sin0)* 

1 (sec 0)8 ~ c^ (sin 0)^ j (sec 0)' - 1 } 
___, making .- (1 +»)(.+-«■] i 



A* /tand)' 

1 + -'- — ^ 



= A 



therefore, dividing by A, and integrating, 

n.<».«).n.g,^)-^.W.-i-.«.-.(^). 

Hence a function containing a parameter >e, can always 
be made to depend upon one whose parameter is < e. 

213. The above equation furnishes immediately the value 
of nc(c, 0) or nc(- c, 0), by making n = c, or =t ^ c- 

Also if we make a = 0, and, therefore, w = — 1, or= — c^. 



246 



And if we make n = c (cos + \/-l sin 0), we have 

— = c(co80- V -1 sind)) and a = 1 4- 2ccosO + cr^, 

and so obtain the value of the integral 

1 +CCOS0 (sin (py I 



^ 1 + 2c cos e (sin <py + c?^ (sin ip)* ' A, (0) ' 

214. We have supposed a to be positive, and therefore 
n either to be positive, or to be negative and intermediate 
to — c* and — 1, that is, to be of one of the forms 

(cot ey, or - 1 + 6* (sin 0y. 

When n is negative, and not intermediate to - c^ and — I, 
that is, of one of the forms — (cosec 0)', or — c^ (sin 0y^ and 
consequently a -negative, and = - a, suppose, the last term 
of the above equation must be replaced by the logarithmic 
function 

1 , A + Vo^ tan d) 

— /= loge 7= — • 

2vai A— vaitan^ 

These two latter cases of the parameter, by the preceding 
equation, depend one upon the other, since their product 
= c^ ; that is, a function with a negative parameter not inter- 
mediate to and — c*, can always be made to depend upon 
a similar function with the same modulus and amplitude, and 
parameter between these limits. 

215. We shall next shew that the two first cases of the 
parameter can be made to depend one upon the other; that 
is, that a function with a positive parameter, can be made to 
depend upon a similar function with the same modulus and 
amplitude, and parameter intermediate to — c^ and —1. 

Let there be two parameters n and — rn so related that 
(1 + n) (l - m) = /r, or 7n - n ■{• mn = c'^; 
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XT c* + w i? -m 

Now --; + c' 

I + n (sin <^Y 1 - m (sin <py 

& •\.n — m — Qmn (sin (f>y + mwc* (sin ipy 
1 + (n — w) (sin ^y — wn (sin 0)* 

1-2 (sin 0)^ 4- c* (sin (by 
1 + (mn — c^) (sin <py — mw (sin 0)* 

(cos 0)^ — (sin (by A* 
A + mn (sm (j) cos 0)'' 



^mn 



mnA 



{cos<j(> sincf))^ 

, f COS (b sin 01 

{COS sin 01* ' 



1 + mn 



therefore, dividing by mn/^^ and integrating, 

nc(n,0)+ nc(-wi,0) 

fi»w ^ mn ^ 

2 



c 



mn 



_ , ^ ^ 1 , fv WTi COS sin 01 






w m 



mn 



F (<b) + — ^ tan-> f v «^» <=os » «'" » ) , 



no constant being added, because every term vanishes when 
= 0. 
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Now let n = (cot Oy in the equation of condition 

(1 + «) (1 - m) = b\ 

.-. 1 -fi» = 6^(sin0)% or-t?»= ^l+6*(8ine)^ 

hence a function with a positive parameter, can be made to 
depend lipon a similar function with the same modulus and 
amplitude, and parameter between - c* and — 1 . 

In the case of complete functions, substituting for m and n 
the above values, we find 

/ m2n / X f^sinM* , ^ fctandl* 



or n.(n) = { "°^^(T^ [{yn« (- m) + c» (sec 9)" F^. 

216. Hence it results from the preceding formulae, that 
an elliptic function of the third order 11^ (n, 0), having for 
its parameter any real quantity n, can always be made to 
depend upon a similar function 11^ (m, 0) having the same 
modulus and amplitude, and of which the parameter m is in 
every case between and — 1 ; that is, 

1. between - 1 and - c^, or of the form -1+6^ (sin0)% 
when n is positive ; 

2. between and - c*, or of the form - c^ (sin 6)-, 
when n is negative. 

Also since the function of the parameter (l+w){lH — J, 

which we have denoted by a, is made positive by the first form 
of the parameter, and negative by the second, it follows that 
functions with these respective parameters are essentially differ- 
ent, and not reducible one to the other; functions of the former 
sort in their reduction and comparison involving angles, and 
those of the latter, logarithms. The first of the above funda- 
mental forms of the parameter may for the sake of distinction 
be called circular^ and the second form logarithmic. 
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217- To investigate a formula for the . comparison of 
elliptic functions of the third order. 

If <j be the given amplitude of a function of the third 
order, and and \/r two other amplitudes subject to the 
condition 



cos <r = cos cos >// — sin sin \/r \/l — c^ (sin df^ 
then n, (n, 0) + 11,. (w, >//) - 11, {n, g) 

_ 1 _, 7i\/a sin sin >|/ sin (T 

"^ yM^ V^UJ. — — — • — ' — ■ ■ ■ ■ ■-■■■■ I ■ ■ - ^— - I — • 

Va I +n —n cos (j> cos \|^ cos o- 

Since \^ is a function of 0, we may assume 
flc (w, <^) + Uc (w, >//) - n^ (w, (j) = P (a function of 0) ; 

. ' _i_ . __1__ A±=rf p 

* l+7i(sin0)2'A(0) l+w(sinx/,)*'A(>/.) ^ ' 

or, smce . ,.. + -tTTT == ^' 
A (0) A (x/.) 

A (0) U + w (sin 0)'* " 1 + w (sin x|^)4 " "^ ' 

Qj. ^ (sin>|.)^-(sin0)^ ^^ ^ 

A (0) l+w(sin0)^+/i(sin\^)^ + (»sin0sin>|r)^ "^ 

But A((l>)+/^(yf/)d^yf/ = c^d^ (sin0sin\//sin<r), 

.-. {A(0)}'- {A(>/.)}^=c^(sin>/,)2-c*(sin0)« 

= c^ A (0) c^^ (sin sin \|/^ sin <r) ; 

n dff, (sin sin \|^ sin cr) j p 

' 1 + w (sin 0)^ + w (sin yj^y + (n sin (j> sin \^)^ *^ 

Let sin sin \^ sin o- = - , then observing that 



1 1 
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(sin ^y + (sin yf/f = (sin aY - 2 sin sin yf/ cos <r A (a) 

H- c* (sin sin \f/ sin o-)^, 
- n 



/r* {l +w(sin(r)*| -2w»cot<r A((r) +wc^ + ^*(cosec(ry 

- ar ) 1 + 71 (sin aY] - w cot <r A (c) 



= ci,P; 



cot-* -^-- — ^ — ^^^-h^- ^-—^-^ = P, 



Va wva 

by Ex. 4. Art. 26; making, as before, 



a = (1 -f-n) (l +-c^j , 



and no constant being added, because both sides vanish when 

d) = 0, or z = Qc y and \|/- = cr. 

Hence restoring the values of « and P, and reducing by means 
of the equation of condition, 

n, (n, 0) + n, (n, x/,) - n, (ti, a) 

_ 1 . _i 71 va sin sin \|^ sin (T 
V a I +71 — n cos ^ cos >|/ cos cr 

If a be negative, that is, if the parameter be logaritlinnic, 
the second member must be replaced by a logarithm. 

218. Hence the excess of the sum of the functions whose 
amplitudes are (j) and \}/ over that whose amplitude is cr, which 
is nothing in functions of the first order, and algebraic in those 
of the second, is in functions of the third order expressed by 
an angle, or by a logarithm if a be negative. From the above 
equation, we can deduce every thing relating to the comparison 
of elliptic functions of the third order, in the same manner as 
we have done for functions of the first and second orders, from 
their corresponding equations ; thus 
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let <r = J , .-. n, («, <p) + n, (M, >/.) - n, («) 

^ * -1 w\/osind)sin\^ , , . 

—7= tan _i r r , where 6 tan <i tan vL^ = 1 ; 

Va 1 + w ^ ^ 

and if = \^, and therefore (sin 0)^ = , 

2 n, (71, 0) - n, (n) = 4= ta^"' "" 



\/a (1 + w) (I + 6) 

219. To prove that complete functions of the third order 
can always be expressed by functions of the first and second 
orders. 

We have njn)= f ]-. -,—L— 

^' ^ ^l+n(sin0)^ A,(0)' 

the integral being taken between the limits = 0, = — ; 

C — (sin <pif 

■■■ " "^"^ '^ U {l+«(sin<^)-'}='A,(<^) 

1 r 1 + w (sin 0)^ - 1 
"~ n ^ {1 + 7i(sin0)^p A, (0) ' 

-^^ H + ^ (sii* 9) r ^c (0) 



or w 



But by Ex. 3, Art. 154, taking the integrals between the 
limits = 0, = — , 

2 a /• 1 c^ 1 
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where a=(l+n)|l+-c*j. Hence, combining this equation 
with the preceding, 

8 8 

\ n / n n 

or 2ad,n, (n) + O, (n) d„a = - 4 J^. + r (^c " ^c)> 



n^ ^ n 



since a.a =1 , . 

n 



Hence, if a be positive, dividing by 2 va> ^^^ integrating, 
we have 

But if a be negative and = - oi, then 

c^ 1 

therefore, dividing by - 2\/ai> and integrating as before. 

In order to effect the integrations, we must consider 
separately the two fundamental forms of the parameter, the 
first of which we know makes a positive, and the second makes 
a negative. 

220. Case I. Let the parameter be circular; and for 
the sake of convenience, let n = (cot OY ; we can afterwards 
adapt the formula to the fundamental form of the circular 
parameter, viz. 

-1 -^b^siney: 
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» /- Aj (6) 

.: de« = - ZcotO (cosec0) , V a = . . , ; 

cos sin d 

c' /• 1 c* /• den re* (tan 0)' 




o . He (») = F, {tan d Aj (0) - E, {6) } 
- Ft (9) (E, - F,) + const. 

To determine the constant, let c = 0, and therefore 6 s 1 ; 
.*. AftC^) = cos9, Et,(6) = sin 0, i;^ = F^ = - , va = cosec 0, 

; — / ^/i » ^X2 = (sin0)^ / . . ^g. ^^ , . ^ 
^1 + (cot 6 sm 0)^ ' •'^(sin 0^) + (tan 0)^^ 

=:sin 9 tan"^ ( . ^ ) = sin . — , between the limits 0=0, 0=—; 
Vsin0/ 2 ^ ^ 2 

therefore, constant = — ; 

2 

.•.^j^,n»=f+/'.{tanaA.(e)-^.(a)} 

- F, (d) (E, - F^). 

Now let — m =! — 1 + 6* (sin Oy, n = (cot 0)^; therefore by 
Art. 215, 

nc(w) = 16^nc(- m) + c^ (sec 6f F^\ ; 



sin0cos0 '^ ' AbiO) 
hence, substituting and reducing, 

^^l^{UA-m)-F.} = '^^-F..E,(e)-(E.-F.)F,(e). 
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221. Case II. Let the parameter be logarithmic, or 

« = -c*(8in^)-, 
.-. rfe»»= -2c* sin cos 0, and a = - ai = - {cotdAe(9)\^; 

■ t r— !_=_/•— L_ 

■ 2y,n«v^ ^a (sin 0)»A.(0) 
= - Fe(0) + £,($) + A,(d) cote, 

.-. cot eA,(e) Ucin) = F,{- F,(0) + E,(0) + A,(6) cot 6} 

= F, {£,{6) + A.(0) cot 6} - EcFciO) + C, 
and (7 s 0, as is easily shewn by making c = ; 

.-. nc(«) = Fe + ^ {F.£.(0) - E^Fm \ • 

The above formulae are of great importance, for since 
they reduce complete functions of the third order to func- 
tions of the first and second orders, and since in the solu- 
tion of mechanical and geometrical questions which depend 
upon this theory, it is usually only complete functions that 
are required; the necessity of having tables of elliptic func- 
tions of the third order, is in a great measure obviated. 

222. A function whose parameter is imaginary, and of 

the form y (cos 6 -f \^— 1 sin 0), will, in any real expression 
whose integral is required, be accompanied by its conjugate 

function whose parameter is y (cos 6 — \/— 1 sin 9) ; and their 
sum, which will be an integral of the form 

a + /3 (sin 0)- 1 



/ 



1 + 27 COS0 (sin ^y + y^ (sin (py ' A,(0) ' 
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m 

can always be expressed by two other functions, whose 
parameters are real, one of the form —1 + 6^ (sin ^i)S and 
the other of the form - c^ (sin X)^ For the proof of this, 
and of several other important propositions, recourse must 
be had to the Traite des Fonctions Elliptiques of Legendre, 
(who is the author of this branch of the Integral Calculus) ; 
to Jacobi's Fundamenta nova theories functionum elliptica^ 
rum; and to AbePs papers in Crelle's Journal. 



ERRATA. 



Page 15, Ex. 5, line 2, interchange b and a. 
45, line 20, for A^Xi read NiX. 
84, Ex. 2, supply /« twice. 



175, line 4, far Vo«-p«+(o«-c«) read Vo«-V+(«*-c*). 

205, last line, /or £(/ii) read E(a). 

206, line 6, /or sin^ read sintp. 
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